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MR. WEALE'8 NEW SERIES OF RUDIMENTARY WORKS 

FOR BEGINNERS. 

Mb. Wxalv bai prepared for publication, in a neat and conyenient size, a 
Series of original and useful Volumes, by the most esteemed writers, forming 
a Rudimentary Course for the easy comprehension of the leading principles 
of rarious Sciences. 

It has been remarked that " those who are in the ship of Science ought 
to remember that the disciples cannot arrive without the aid of boats." 
Popular treatises are to Science what boats are to large ships ; they assist 
people in getting aboard ; but as no one would trust himself to a weak or 
inefficient boat, so no one ought to begin the study of Science with an 
imperfect guide. It sometimes happens that popular treatises are made to 
appear easy by the omission of those yery details which are most essential to 
be known : they state results without going through the necessary processes 
by which those results are gained : they deal largely in fiicts, and leave 
principles untouched. 

The only method of ayoiding this error is to confide to men, who are 
masters of their respectiye subjects, the task of drawing up Popular Intro- 
ductions to the several branches of Science. The Publisher trusts that the 
following list of names will be a sufficient guarantee to the Public that what 
he proposes to attempt in the cause of Popular Instruction will be done well, 
and that these little treatises will folly answer the purpose for which they 
are intended, namely, to become convenient and accurate Guide-Books in 
Government and other Schools, and in Popular Institutions generally, while 
their low price will place them within the reach of all classes earning their 
daily bread, to many of whom a knowledge of the elements of Science is a 
positive gain in the common pursuits of life, as well as a means of winning 
from gross tastes, and presenting to the mind noble and worthy objects of 
study. 

The First Series, several volumes of which are amply illustrated, may be 
had complete in demy 12mo, neatly bound in cloth ; and, for the convenience 
of purchasers, the several Subjects are published separately at the following 
prices : — 

RuDMZBifTARy CHBMTSTRy, by Professor Fownes, P.R.S., &c., third edition, 

and on Agricultural Chkmistry, for the use of Farmers 1«. 

■ Natural Philosophy, by Charles Tomlinson . . . . 1«. 
— — — Obolooy, by Lieut.-Col. rortlock, R.E., F.R.S., F.O.S., Ac. U. 

■ MiNXRALooY, by D. Varley, Author of •* Conversations on 

MinenUogy,** second edition, vol. i 1#. 

— — — — — ^— vol. ii 1#. 

Mjbchawics, by Charles Tomlinson 1*. 

— Elbctricjtv, by Sir Wm. Snow Harris, F.R.S., dtc. . . U, 

• Pif xuMATics, by Chas. Tomlinson Ig, 

— — — — ^— ^ Civil ENOiNBaiUNO, by Henry Law, C.E. vol. i., second edit. 1#. 

—^— _—__—— —_—_—— vol, ii, , . . 1,, 

Architbcturb (Orders), by W. H. Leeds, Esq. . . . U. 
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RuDiMKNTA&Y AttCHrTBei'uiia (StvlM— thdf several exaiBple*), by Talbdt 

Bury, Archt., F.I.B.A 1«* 

____ Principlks of DBSieN in Architbcturk, by E. Lacy 

Garbett, Archt., vol. i 1«. 

- < >- vol. il. . . » 1«. 

i Prrspjectivk, by Geo. Pyne, Artist, Author of '* Practical 

Rules in Drawing for the Operative Builder and Young 
Student in Architecture," vol. i., second edition • • * \>» 

' ■ ■ ■ ' DiftOt txA. il.* lecoAd EdidtA * . » ■ . • • . i*« 
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With Engravings to each, at 1.9. per Volume, the Set complete, each neatly 

bound in cloth, separately. 

RuDiMVNTARY ART OF BuiLDiNO, by E. Dobsoni CB., Assoc. Inst C.E.* 

Author of »• Railways of Belgium" . . . , It. 

■.,.-. — • — . BRiOK-MAKtHO, Tibx-MAfciMG, by the same, vol. 1. • l«. 

___ ^. * voL ii. . J«. 

. Masonry an© Stonb-cuttino, by the same . . U. 

Ill ' Illustrations of the preceding} in 4tO) Atlas 

siae, 13 plates * Isk 

— — HousB Painting and Mixing Colours, by George 

Field, Esq., vol. i. If. 

I '■ ' '■ " "■■ '^■'* ' ' vol. ii« • • • k • . • l4« 

■ Draining Districts and Lands, by G. Drysdale 

Dempsey. C.E 1«. 

I I -Il . and SbWAOB or TOWVS and BtllLDINdSk 

by G. Drysdale Dempsey, C.E. . . > . » Is, 
.■ Wbll-binking and Boring, by John Creorge Swin- 
dell, Architect U. 

■ * ■ Vsn OF iNSTRUisBNTB (ffenenlly), by I. P» iteather, 

M.A., of the Royal Mihtary Academy, Woolwich . U, 

— Constructing CR anbb, for the Erection of Buildings 

and for Hoisting Goods, by Joseph Glynn, F.R.S.» 

C.E ^ It. 
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by Maj.-Gen. Sir John Burgoyne, K.C.B., R.E., dec, &c. . 1«, 
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Th« two Series of Eudhnentary Works, for the use of Bc^nners, published 
by John Wbale (of which Prospectuses have been extensively issued), have 
realised the anticipated success from that portion of the public who seek the 
attainment of those objects of Science which belong to the business of life, 
and the highest and most useful subjects in the Elementi of Art and Science. 
Pursuing the same path, to render further aid to public instruction, and to 
direct the attention of the Heads and Principals of the sevecal Colleges and 



Mr. Wed&^s New Series of Rudimentafy Works. 8 

Schools oftlia United Kingdom, and the Royal Military Academies, to these 
serial works, it is intended to publish an filementarj Course of Mathematics 
for the.use of Beginner, in 15 volumes, at Is, each Toltime. 

It has been observed by Bonnveastle, in the Preface to his admirable 
Elementary Work Mi Algebra, tnat " Books of Rudiments, concisely 
vtitteo, well ! digested* and methodically arranged, are treasures of ines- 
timable value, and too many attempts cannot be made to render them 
perfect and complete.** 

7o fiarry out this new Series successfully and methodically, tlfe most 
eminent men in icholastic etiidition and elementary instruction have been 
Belected, under the able management and editing of Mr. Jaues Hann, Ma- 
thematical Master of King's College, LondoUi who, with the co-operation of 
the following gentlemen, will produce a set of books that shall be efficient 
both for public and self-instruction : — 

W. S. B. WOOLHOVSE. F.R.A.S., Actuary Of the Nalionftl Loan Fund, Author of 

several 6eiMtiAc works. 
HENRY LAW, CWil Engineer, Editor and Author of several Professional Works. 
JAMES HADDONi Arithmetieal and Second Mathematical Master, King's College, 

London. 

Tli« Biibjeota Are as follows i 

EUCMSMTART TrkatIsb ON ARiTBMBTri^ wlth Numerous Mathematical and 
Commercial Examples for Practice and Self-Examination . . . . 1«. 

A Practicai. Ststsm or Book-Kjbkpino, with Concise Modes of Calcula- 
tion, Forms of Commercial Documents in English, French, German, and 
Italian, Mercantile Phraseology, &c., forming a complete introduction to 
the Counting-House . . 4 ],. 

Elkmbntary Trsatibk on Alobbra, vol. I Is, 

■■ " ■** " " '■'■■'■ * ' ' yrei, il. ..»»*•• i«. 

Principlks of Gbomktry 1,. 

———————————— AnALYTICAI, OiOMBTRY 1». 

•— *-» Trbatisb on Plank Trigonomktry 1*. 

.. ■■ SPHBRICAI. TaiqONOMBTRY !«. 

E£llMBNT8 ^ND PrACTICB OF MBNSURATION AND GbODBSY . . . . 1«. 

Thb Wholr SvertM or Looarithmic Tablbb, for Reference and Practice !«. 

EltBMBNTARY TRBATISB ON POPULAR ASTRONOMY . * . . . I«. 

Principles and Practicr or Statics and Dynamics u. 

Theory and Practice of Nautical Astronomy and Natioation . . U. 
DiPFKRBNTiAL CALCULUS, Iq whlch the Principles will be clearly eluddated . U. 
INTBORAL Calculus, in which the Prtnciplrs will also be clearly elucidated . It. 
Collection of Exahplbs or TBa DirrBRRNTiAL and Xntbsral Cal- 
culus, vol. i. . • * , . , Is. 

"■* ■ - ■■ vol. li. 1*. 

Tbe Whole iUttstrated by nninerous fXToodcnts. 

The Set, neatly bound in cloth, price, complete, I«. each volume. 
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RudimbntarT Trbatibi on CotTAOx BoiLDiNO, or Hints for Improv- 
ing the Dwellings of the Labouring Poor, by Charles 

Bruce Allen, Architect 1 Is. 

— ~— — — — — Tubular Briooks, Girdrr Briogrs, 

fte.. more particularly the Cotiway and Britannia 

Bridges, describing the Experiments made to determine 

their form, strenoth, and efficiency, together with the 

' constnidtion of Che same, the floating and raldng the 

tubes, &c. 2 U. 

Art or Making Foundations, Concrbtb Works, Ac, 
by E. Dobson, C.E . . . 3 *» 
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Vol Price, 

Rudimentary Tbkatisb on Limbs, Calcarbous Cbmxnts, Mortars, 

Stuccos, and Concrxtx, by Geo. R. Burnell, C.E. . 4 It. 

■ ■ Art or Laying out and Makino of Roads for New 

and Old Countries, by H. Law, C.E ff 1«. 

' Trbatisb on thb Construction of Liobtmousbs, 

more parttcululy those of Britain, by Alan Stevenson, 
LL.B., FaR.S.K., M.InSwCE* •••••• o iM, 

Ditto, the Continuation of the same suMeet . . • 7 1«* 

— — — — ^ Law of Contracts for all kinds of Buildings, for Em- 
ployers. Contractors, and Workmen, by David Gibbons, 
Esq., Author of Treatises on the '* Law of Dilapidations," 
andon the "Law of Fixtures,** &e. 8 Is. 

— >— — — ^— Trbatisb on Hydraulic Enoinbbrino, and on Tun- 
NBLUNo throuffh various kinds of Strata, with Plates, 
forming a third Vol. of the Engineering (andoompletiiig 
that suq)ect), published in the First Series . . • 9 1«. 
Locomotivb Engines, describing them 
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their duty and efficiency, by J. Sewell, L.E. . . . 10 U, 
Marinb Enoinxs and Stbam-Boats, for 



Sailors and Engineers 11 ]«. 

Art op Shipbuilding, Thb Elxmbntary Principlbs, 
with Plates, by J. Peake, H. M* Naval Architect . 12 U, 

Thb Practicb, with Plates, by 



J. Peake, H. M. Naval Architect 13 1«. 

Masting, MAST-MAKiirOt and 
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Page 10, Line 6, f<yr AP read AP*. 

9, for DP read DP*. 
3 from top,/9r B]n2A rMK2co82A« 

10, /or cos— read >/2.co8— . 
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99 
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11 
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for cosec* A read cosec* 2 A. 

/or — >/ — 1 r«Kj — \/ — 1 . sin A- 



77, Line 24, /or -— - r«wi — r— 

2 4 



„ 2, /or 24 r—— r«ia 24rsin 



93, „ .,, 2^ 2^ 

100, „ 3, for ac (t + f) *'««<' «<? Mil if + ^)« 

102, Fig. 2, /or C r«a<i D ; on<i /or D read C. 

103, Line 5 from bottom, /or c cos read ccosy. 



PREFACE. 



In the compilation of this work, the most esteemed writers, 
both English and foreign, have been consulted, but those 
most used are De Fourcy and Legendre. 

Napier's Circular Parts have been treated in a manner 
somewhat different to most modem writers. The terms 
conjunct and adjunct, used by Kelly and others, are here 
retained, as they appear to be more conformable to the 
practical views of Napier himself. 

There are many other parts connected with Spherics that 
might be treated of, but which are not adapted to a Eudi- 
mentary Treatise like the present ; those, however, who wish 
to see all the higher departments fully developed, must 
consult the writings of that distinguished mathematician, 
Professor Davies, of the Royal Military Academy, Woolwich. 

Hutton's Course, the Ladies' and Gentleman's Diaries, 
(latterly comprised in one), Leyboume's Eepository, the 
Mechanics' Magazine, and various other periodicals, teem 
with the productions of his fertile mind, both on this and 
other kindred subjects. 
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AC^ = PC^ 



PRELIMINARY CHAPTER. 

1. A SPHEHE is a solid determined by a surface of which all 
the points are equally distant from an interior point, which is 
called the centre of the sphere. 

3. Every section of a sphere 
made by a plane cutting it is the 
arc of a circle. 

Let O be the centre of the 
sphere, APBA a section made by 
a plane passing through it, draw f^ 
OC to the cutting plane, and pro- 
duce it both wftys to D and E, and 
draw the radii of the sphere OA, 
OP. 

Now, since OCP and OCA are 
right angles, OA^ — OC^ = AC^ 
and OP^ — OC^ = PC^, but OA^ = OP^; 
or AC =s PC; hence the section APBA is a circle. 

If the cutting plane pass through the centre, the radius of 
the section is evidently equal to the radius of the sphere, and 
such a section is called a great circle of the sphere. 

3. The poles of any circle are the two extremities of that 
diameter or axis of the sphere which is perpendicular to the 
plane of that circle ; and therefore either pole of any circle is 
equidistant from every part of its circumference, and, if it be 
a great circle, its pole is 90° from the circumference. A 
spherical triangle is the portion of space comprised between 
three arcs of intersecting great circles. 

4. The angles of a spherical triangle are those on the surface 
of the sphere contained by the arcs of the great circles which 
form the sides, and are the same as the inclinations of the 
planes of those great circles to one another. 

5. Any two sides of a spherical triangle are greater than the 
third side. 



^ SPHEBICS. 

Since by Euclid XI. 20, any two of the plane angles, which 
form the solid angle at O, are together greater than the third, 
hence any two of the arcs which measure those angles must 
be greater than the third. 

6. Since the solid angle at O (see fig. p. 3) is contained by 
three plane angles, and by Euclid XI. 21, these are together 
less than four right angles, hence the three arcs of the spheri- 
cal triangle which measure those angles must be together less 
than the circumference of a great circle, that is a -f 5 + c > 
860, and since any two sides of a triangle is greater than the 
tidrd, we have a4-6>c; b + c > a; a -j- c > h, 

ON THE POLAR OR SUPPLEMENTAL TRIANGLE. 

7. If three arcs of great circles be described from the angular 
points A, B, C, of any spherical triangle A B C, as poles, the 
sides and angles of the new triangle, D F E, so formed will 
be the supplements of the opposite angles and sides of the 
other, and vice versd. 

Since B is the pole of p F, then B D is a quadrant, atid 
since C is the pole of D E, G D is a quadrant ; therefore the 
distances of the points B and C from D being each a quadrant, 
they are equal to each other, hence D is the pole of B C. 

DE=180°— C; EF=180°— A; o 

FD=18P°— B; andD=180°— BC; 

E=:180°— AC; F=180°— AB. 
Also, AB=i80°-F; BC=:180^-D; 

AC=180°— E; A==180-^FE; 
B = 180° — FD; C = 180° — DE. 

The sum of the three angles of £t spherical triangle is 
greater than two right angles, and less than six right angles. 

For if a' + 6' -f c^ be the sides of the supple^nental or 
polar triangle, A=180°—a'; 8=180^— ft'; C==I80°— c'| 

hence A + B + C+a' + ^'+c'=6x 90=6 right ailgles* 

but a' + 5' + (/ is less than four right angles, by Euclid Xl. 
21; therefore A-j-B-f-C is greater than two right angles; and 
as the sides a', h\ c', of the polar triangle must have some 
magnitude, the sum of the three angles A, B, C must be less 
than six right angles. 




SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

8. SpHfiRlcAti TBtGONOMETRY treats of die various relations 
between the sines, tangents, &c., of the known parts of a sphe- 
rical triangle, and those that are unknown ; or, which is the 
same thing, it gives the relations between the parts of a solid 
angle formed by the inclination of three 
planes which meet in a point, for the solid 
angle is domposed of six parts, the incli- 
nations of the thr^e plane faces to edch 
other, and also the inclinations of the \ ^^ iS^-"'?^ 
three edges ; in fact, a work might be writ- 
ten on this subject withoiit using the 
spherical triangle at all, for the six parts 
of the spherical triangle are measures of 
the six parts of the solid angle at O. See fig. 

9. If a spherical triangle have one of its angles a right angle, 
it is called a right-angled triangle ; if one of its sides be a 
quadrant, it is called a quadrantal triangle; if two of the sides 
be equal, it is called an isosceles triangle, &Ci» as in Plane Tri- 
gonotnetry. 

10. To determine the sines and cosines of a spherical tri- 
angle in terms of the sines and cosines of the sides. 

Let O be the centre of the sphere on which the triangle 
ABC is situated, draw the radii OA, OB, OC; froln OA 
draw the perpendiculars AD and AE, the one in the plane 
OAB) and th^ other in the plane OAC, and suppose them to 

B 2 




4 SPHERICAL TSlGONOMETfiY. 

meet the radii OB and OC produced in D and E. The angle 
DAE is equal to the angle A of the spherical triangle, and 
taking the radius unity we have AD s= tan C, OD = see C, 
AE = tan b, OE = sec h. 

Then in triangles DAE and DOE we have 

OD^ + OE^— SOD . OE cos EOD = DE« 
AD^H- AE^— 2AD . AEcos AsDE^ 

by subtracting the second equation from the first, observing 
that OD^ — AD^ = OE* — AE* = 1, and EOD is measured 
by B C or a, we obtain 

2 + 2AD . AE cos A — 20D . OEcosa = 0; 

or by substituting the above values 

1 + tan b . tan c cos A — sec t sec c cos a = 

1- i. I 1 X t sin ft 

but sec b = -, tan = -; 

cos b cos 

1 , sin c 

sec c = , tan c = ; 

cos c cos c 

sin b sin c cos A cos a 

/. 1+ r.^ r =0; 

cos b cos c cos b cos c 

hence cos a = cos 6 cos c + sin ft sin c cos A (1) 

which is the fundamental formula in Spherical Trigonometry. 

11. In the figure the sides ft and c are less than 90°, but it is 
easily seen that equation (1) is gene- 
ral. Let us suppose that one of the 
sides, AC or ft for example, is greater 
than 90®; draw the semi-circum- 
ferences CAC', CBC', and make the 
triangle ABC' of which the sides 

a' and ft', or BC' and AC', are sup- Y-"'' 

plements of a and ft, and the angle "*-• - 

B AC' the supplement of A. Since *' 

the sides ft and c are less than 90^ the equation (1) can be 

applied to the triangle ABC', and gives 

cos a' = cos ft' cos c + sin ft' sin c cos BAG' ... (ft). 
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Now a' = 180° — a, b' = 180"* — b, B A C = 180°— A ; these 
values substituted in eq. (2) will give eq. (1), which shows 
that it is true for the case where b is greater than 90°. 

Let us now suppose that the two 
sides b and c are both greater than a 

90°; produce AB and AC till they b'/ ! , 

intersect in A', which forms the c / J^ 

triangle BCA' in which the angle A' n^y^^^/ 

is equal to A, and the sides 6' and c' ^^y^ y^ 

the supplements of b and c; by x^<^^^^ ^^y^ 
making the substitutions in this \^ 

case, we still find that equation (1) 
satisfied. 

Lastly, we can verify equation (1) in the case where 
b == 90° and c = 90° either both together or separately. 

If we apply equation (1) to each of the sides of the triaugle, 
we shall have three equations by means of which we can 
always find any three parts whatever of the triangle, when the 
three others are given. But, for practice, it is necessary to 
have separately tiie divers relations which exist between four 
parts of the triangle taken in every possible manner. There 
are in all four distinct combinations, which we proceed to 
give. 

12. 1st, Eolation between the three sides and an angle. 
By applying equation (1) to the three angles, we have 

cos a = cos 5 cos c + sin fe sin c cos A (1) 

cos 5 = cos a cos c + sin a sin c cos B (2) 

cos c = cos a cos & + sin a sin b cos C (3) 

13. 2nd, Relation between two sides and their opposite 
angles. 

From equation (1) we have 

cos a ~ cos & cos c 

cos A = —i ; — r— : . 

sm b sm o 



XT • 2 A 1 2 « 1 {^^^ a-^cosb cos c) 
Hence sm^ A = 1 — cos'* A = 1 — ^ . ^ ^ — - 



_^' 

sin'* b sin^ c 

(1 — cos* ^) (1 — cos* c) — (cos a — cos i cos o)* 

sin* b sin* c 



sin A \/\ — cos^ a — cos* h — ao^^e -|- 2 cos a eos h cos c 

sin a "*^ sin a sin J sin c 

We must take the radical with the positive sign, seeing 
that the angles and the sides are less than 180°; their sineq 
are positive. As the second member remains constant whei| 
we change A and a into B and h^ &o„ we have 

sin A sin B sin 
sin a '^ sin 5 "^ sin c ' 

Hence in any spherical triangle, the sines of the angles 
are to each other as the sines of their opposite sides. 

14. 3rd, Belation between the two sides ftud their indttded 
angle, ftud the angle opposite ppe of tliemt 

In considering the combination a, 5, A, ; first eliminate 
008 e» between the equations (1) and (3) and we have 

008 a ca oos a cos* 5 + cos 5 sin a sin ftcos C + sin & sin e cos A 

transpoeing oos a cos^ h, and observing that cos a *•*- oos a eos^ h 
= cos a sin^ h', and, dividing the whole by sin h sin a, it be» 
come§ 

cos a sin 5 _ ^ . sin c cos A 

w— -^ «r- 9s cos 008 C 4" ■ *^- ^ i ■ ^» 

sm a 3in a 

but - — :^ r^-^ ; and consequently we have for the relation 
sm a sm A ^ ^ 

sought 

oot a sin & as cos & cos G 4* sin C cot A* 

By permuting the letters, we have i» all the fqllowmg six 
equations : 

cot a sin 5 = cos 5 cos C 4 sinC cot A, (5) 

cot & sin a = cos a cos C + sin C cot B (6) 

cot a sin c == cos c cos B + sin B cot A.,...,,,, (7) 

cote sin a a= cos a cos B + sinB cotC (8) 

cot & sin <! ^ cos e cos A 4- sin A cot B (9) 

cote sin ft = cos 6 cos -A -f sin A cotC (10) 
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15. 4th, Relation between one of the sides and the three 
angles. Eliminate b and c from the equations (1 ) (2) (3) : to 
do this we have by the last article 

cos a i^in 6 . ^ . sin c cos A 

— -T— = cog J COS g + ; , 

Bin a ' Bin a 

- , sin 6 sin B , sin c sin C 

an4 8;nce-;^ — r^ -r— - and -; — == -r — - , 
sin a sm A sin a sin A 

we have 

cos a sin B as: COS 6 sin A cos C + cos A sin C ; 
and changing a and A into b aqd B, and vice versa, we obtain 

cos & giin A =s cos a gin B cos C + cos B sin C. 

We have oi^ly now to eliminate cos b by the two preceding equa- 
tions. We find after reduction the relation sought between 
ABC and a, which, applied to the three angles successively, 
will give the three equations 

cos A = — cos B cos C + sin B sin C cos a , (11) 

cos B = — cos A cos C + sin A sin C cos b (12) 

cos C == — cos A cog B H- sin A sin B cos o (13) 

16. The analogy of these equations with the fundamental for- 
mula is striking, and conducts us to a remarkable consequence. 
Let us imagine a spherical triangle A' B' C', of which the 
sides a' V c' are the supplements of the angles A» B, C ; then 
from equation (1) we shall ha,ve 

cos a' = cos V cos c' + sin V sin V cos A'. 

Now sin a' = sin A, cos a' = — cos A, sin V = sin B, &c., then 

■— cos A = cos B cos C + sin B sin C cos A'. 

From this equation we find for cos A' a value equal but of 
a contrary sign to that which we find for cos a in equation 
(11) ; then a = 180° — A^ similarly 6 = 180 — B', and c = 
180 — C. Hence, having given any spherical triangle, if 
we describe another triangle, the sides of which are the sup- 
plements of the angles of the first, then the sides of the first 
will be the supplements of the angles of the second. From 
this property the two triangles are called supplementary, and 
sometimes th^ tria'Qgle^ are said to be polar to each other. 
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nafieb's analogies. 

17. We now proceed to deduce the formula known by the 
name of the analogies of Napier, which are employed to sina- 
plify some of the cases of spherical triangles. 

The equations (I) and (2) give 

cos a — cos h cos c = sin 6 sin c cos A ; 
cos 6 — cos a cos c = sin a sin c cos B. . 

■D J- • • 1. • ^1. ^ sin a sin A 
By division, observing that -; — - = -. — - . 

° sm sm B 

, cos h — cos a cos c sin A cos B 

we have ; = . 

cos a — cos cos c sin B cos A 

By subtracting and adding unity to both sides of this equa- 
tion and again dividing 

cos h — cos a 1 -f cos c sin (A — B) 
cos 6 + cos a 1 — cos c sin (A -f- B) " 

But by Plane Trigonometry, page 30, 

cos 6 — cos a ^ - , ,. , , _. 

f = tani (a 4-6) tan A (a— 1>) 

cos 6 + cos a a V • / « V / 

, 1 -f cos c 1 

but -:; = ^- ,— 

1 — cos c tan" ^ c 

and sin (A + B) = 3 sin ^ (A + B) cos ^ (A + B) 
sin (A — B) = 3 sin ^ (A — B) cos i ( A — B). 

Substituting these values, the above equation becomes 

tan ^ (a + h) tan ^ (a — 6) = 

3 1 . /sm HA-B)cosnA-B )\ . 
^ * ' Vsin I (A + B)cosi(A + B); ^""^ 

sin a sin A 



and since 



sin b sin B 



- sin a + sin h sin A -f sin B. 

we have -; ■ = -^. 

sin a — sin 6 sin A — sin B ' 

By Plane Trigonometry, page 30, 

tan i (a 4- 6)_ sin ^ (A -f B) cos ^ (A — B) 
tan i (a — h) "~ cos | (A -f- B) sin ^ (A — B) ' 
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Multiply these two equations together, and then dividing 
one by the other and extracting the root, observing that 
tan i (a + 5) and cos ^ (A + B) ought to have the same 
sign, 

tanj(. + i) = tanic.^ii^] (14) 

tanH«-^>=tanic. ^!;|j^;g (15) 

To apply these to the polar triangle we must replace a, &, c, 
A,B,C, by 180° — A, 180° — B, 180° — C, 180^ — a, 180° — ft, 
and there results, 

tan i (A + B) = cot I C . ^^' f j"^ 7 ^^ (16) 

* ^ ^ 2 cos ^ (a + 6) ^ ' 

1 / X t sin i (a — i) .,^- 

tan i (A — B) = cot i C . -—f , — — rx (1^) 

My able and talented friend, Mr. Reynolds of Chelsea Hos- 
pital, has sent me the following very neat method of deducing 
Napier's Analogies, which he says was communicated to him 
by Mr. Adams, the celebrated astronomer of Cambridge' 

sin A sin B sin A + sin B 

JLet m = -: == -: — 7 = — ; , — ; — — • 

sm a sm b sin a + sin b 

Then by the formula (11) page 7, 

cos A -f cos B cos C = sin B sin C cos a 

= w sin C sin b cos «..►(!) 

cos B + cos A cos C = sin A sin G cos b 

= w sin C sin a cos 6. ..(2) 

Add (1) and (2), then 

{cos A + cos B} (1 + cos C) = w sin C sin {a + b). 

Also sin A + sin B z=m (sin a + sin b). 

Dividing and reducing we have 

a — b 

cos — ' 

A + B C 3 /A 1 IN 

tan .tan— = t (Anal. 1) 

2 2 a + b "" ^ 



cos ^ 



B 3 



10 8?»XaiCIAti THIdOVOMVTBY. 

Agfdii, subtractbg (9) from (1) 

(cog B — cog A) (I .- cog C) ■■ m . sin (a ^ A) gin C 
and gin B + gin A « m (sin a + sin b); 
,\ dividing 

a-6 



»■■ ■ » 



ten ^ . tan S „ _i_l^ (Anal. 3) 

The othor two follow of course from tho polgr triangle, 

ON BIGHT-ANGLED SPHERICAL TRIANGX«S9. 

18. The preceding fonnuleB will apply to right-angled tri- 
angles, if we make any one of the angles = 90°. 

If A = 90°. we have 

cos a as COS b cos C...r.« (1) 

sin i = sinasinB (2) sin o s=sinasinG (7) 

tan b zsz tan a cos C (8) tan e s=tanacosB , (8) 

tan b = sin c tan B...,,. (4) tan c ;= sin & tan C,..,,. (9) 

cos^Bcc einC cos b (5) C08C=5 §in^co8 (?f.i.M(10) 

cos a = cot B cot C (6) 

These six independent formulee are all adapted to logarith- 
mic calculation. 

The first gives a relation between the hypothenu^e and the 
two sides containing the right angle ; the second, one side 
and angle opposite; the third, between the hypothenuse, a 
side, and the adjacent angle ; the fourth, between the two 
sides and the anglei opposite to one of them ; the fifth, be- 
tween one side and the two oblique angles ; lastly, the sixth, 
between the hypothenuse and the oblique angles. 

19. The formula (1) requires that cos a must have the game 
sign as the product cps b cos c, or that the three cosines must 
be positive, or that only one must be go, Therefore in fmj 
right-angled spherical triangle the three sides must be less 
than 90° ; or two of them must be greater than 90*, and the 
third less. The formula (4) shows that tan b has the same 
sign as tan B, and tan c the same sign as tan C. Therefore 
each side oontaining the right angle is of the same kind or 
affection as the angle opposite, that i^, the angle and the side 
are both less than 90° or both greater. 



BPHEWOAIi TRIGOHOMETRF, 11 



NAPIER S CIRCULAR PARTS. 

JiO. As we have before observed, tbe above formulae are simple 
and well adapted for logarithmic computation, yet they are 
not easily remembered ; therefore it is of importance that we 
should have some method which will relieve the memory as 
much as possible ; this is supplied by what is termed Napier's 
Circular Parts. By committing to memory the two rules 
which will be given hereafter, the student will be able to 
solve all the cases in right-angled triangles, as weU as if he 
bad all the formulsB by heart. 

The circular parts of a right-angled spherical triangle are 
five, namely, the two sides, the complement of the hypothe- 
nuse, and the complements of the two angles (the right angle 
being always omitted). 

Three of these circular parts, besides the right angle, enter 
every proportion, two of which are given, and the third 
sought* 

These three parts are named from their positions with 
respect to one another, that is, according as they are joined 
or di^oined, observ^Dg tha,t the right angle dops not separate 
the sides. 

If the three circular parts join, that which is in the middle 
is called the middle part, and the other two are (tailed ex- 
tremes conjunct. 

If the three circular parts do not join, two put of the fivq 
must, and that part which is separate or alone is the middle 
part, and the other two are palled extremes disjunct*. 

These things being understood, tbe following is the general 
rule. 

The sine of the middle part is equal to the product of the 
tangents of the extremes conjunct. 

* Tl)ii8, if in figure page 1^ w? suppose B 0, the angle "B, and the 
side A B to be the quantities that are to be used ; now as they lie all toge- 
ther, the angle B is the middle part^ and the two sides, B and A B, are the 
extremes conjunct. Also, if the angle B, A B and A G be the quantities, 
then since the right angle does not separate the sides, A B is the middle part/ 
and the other two elements are the e:(tremes conjunct. But if the quan- 
tities be A C, B C and the angle B, then the angle C is said to separate A 
from B C, and the side A B is said to separate A from the angle B, that 
part A C which is separated from both the others, call the middle part, and the 
parts which are disjoined from it call extremes disjunct. This praptical me- 
thod will be useful to se^en, and require? very little effort of memory. 
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The sine of the middle part, is equal to the product of the 
cosines of the extremes disjunct. 

From these two equations, proportions may be formed, ob- 

' serving always to take the complements of the angles and 

hypothenuse ; and that the cosine of a complement is a sine, 

and the tangent of a complement is a co-tangent, and vice 

versa, 

21. Case 1. When the hypothenuse B C c b 

and the base A B are given to find the « S^'^'^v / 
remaining parts of the triangle. X [fc^^x^^ 

Let us first proceed to find AC. b ^^^ 

Here the hypothenuse and the two 
sides are the three circular parts. 

The hypothenuse being separated or disjoined from the 
sides it is the middle part, and the sides are the extremes 

disjunct. 

Then sin B C = cos A B cos A C. 

x\nd since we must always take the complements of the 
hypothenuse and angles, this becomes 

cos a = cos b cos c. 
Now, as this agrees with equation (1), the rule is proved 
in this case. 

To find the angle B. 

Here the three circular parts all lie together, taking B 
to be the middle part, then A B and B C are adjacent parts, 
or extremes conjunct. 

/. sin B = tan B C . tan A B ; 
taking the complements of B and B C, we have, 

cos B = cot a tan c', 
which corresponds with (8), and therefore the rule is proved 
in this case also. 
To find the angle C. 

Here the side AB is separated from the hypothenuse by 
the angle B, and it is separated from the angle C by the side 
AC, then A B being the middle part, the hypothenuse and the 
required angle are the extreme or disjoined parts. 

sin A B = cos B C cos C ; 
taking the complements of BC and C, 

sin c = sin a sin C. 
This agrees with (7), c^nd therefore proves the rule. 
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23. Case 3. Given the two sides 5, and c, which include the 
right angle, to find the hypothenuse and the angles. 
1. To find the hypothenuse. 

As the two sides are separated from the hypothenuse they 
will he extremes disjoined, the hypothenuse being the middle 
part; 

sin BG = cos AB cos AG; 
taking the complement of B C, 

cos a = cos b coac; which is the same as equation (1) ; 

cos a 

.'. cos c = -,• 

cos 6 

To find angle C. 

Since the right angle A does not disjoin, the three parts all 
lie together, hence AC being the middle part, AB and angle 
C are the adjacent parts, or extremes conjunct. 

sin AC = tan AB . tan C; 
taking the complement of C, 

sin b = tan c cot c ; which agrees with (9) ; 

tan c 

or tan C = -: — .• 

sm 

To find the angle B. 

The three circular parts all lie together again, AB being in 
the middle ; calling it the middle part, then AC and angle B 
will be extremes conjunct. 

sin AB = tan AC tan B ; 
taking the complement of B, 

sin c = tan h cot B, which agrees with (4) ; 

tan b 

or tan B = -: 

sm 

23. Case 3. Given the hypothenuse a and angle B to find 
b, c, C. 

1. To find AC or b. 

As AC is separated from the hypothenuse by the angle C, 
and from the angle B by the side AB ; calling AC the middle 
part, then BC and angle B are extremes disjunct. 

sin AC = cos BC cos B ; 

taking the complements of BC and C, 

sin ^ =s sin a sin B, which is the same as equation (2). 
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$2. To find AB or c. 

Here the three circular parts all lie together, and AB in the 
middle ; calling it the middle part, then AB and BO will be 
adjacent parts, or eiLtremes conjunct. 

sin B =s tan AB tan BG ; 
taking the complements of B and BC, 

cos B = tan c Qot a ; 

.'. tan s? r SB cos B tan a, which agrees with equ. (8). 

COl d 

3. To find C. 

Here the circular parts lie all together, the hypothenuse 
being in the middle.; call it the middle part, and the angles 
B and C will be adjacent parts. 

um BC == tan B tap C ; 

taking the complements throughout, 

cos a = cot B cot C \ 

cos A 

.•. cot C = — - = cos a tanB, which agrees with equ. (6). 

24. Case 4. Given the side AC or b and the opposite angle 
B to find a, c, C. 

1. To find the hypothenuse BG or a. 

Here b or AC is separated from the hypothenuse by the 
angle C, and from the angle B by the side AB ; calling then 
AC the middle part, the angle B and the hypothenuse are 
the extremes disjunct. 

sin AC .» cos BG cos B ; 

taking the complements of BC and B, 

sin ^ = sin a sin B which agrees with equation (2). 

, sin 6 

sin a = . _ . 
smB 

2. To find c. 

As the right angle does not disjoin, e lies in the middle 
between b and B ; calling it the middle part, b and B are the 
extremes conjunct, 

sin G =s tan 5 tan B ] 
taking the complement of B, 

sine ss tan 6 Got B, which agrees with equation (4). 
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8. To find C. 

Here the angle B is iieporated from c by the hypotbenuse, 
and it is separated from b by tbe side A^: calling it the 
middle part 

sin B = cos ^ cos C ; 

taking the complements of B and C, 

Qos B 55= cos J pin C, which agrees with §qufttion (6). 

sin C = r» 

coso 

There is here an ambiguity, since each quantity is deter- 
mined by its sine, and we 9ee that this ref41y ought to be th^ 
case. Jn iact, if the triangle BAG (fig. p. 1^) rigbt-aqgled at 
A, satisfy the equation ; produce BA and BG till they inter- 
sect in D, then take DA' = BA, and DG' = BG, the triangles 
BAG, DA'G' will be equal in all respects, then the angle A is 
a right angle, and G'A' = GA = 6. Thus the triangle BA'C' 
is right angled, and contains also the given parts B and b ; 
we can therefore take at will a < 90°, or A > 90°, but when 
tho choice is once n^ad^ the affection or species of c will ba 
determined by the equation cos a = cos 5 cos c, and that afiieo- 
tion will be the same as that of G. There will be only one 
triangle which has two right angles when i = B, apd nope 
when we have sin 6 > sin b, 

25. Case 5. Given the side b and the adjacent APgla G, to 
fin4 a, 0, B, 

1. To find the hypothenuse a. 

Here t]ie parts all lie together, the angle G being in the 
middle; call it the middla pmrt, thau AG and BG are the 
extremes conjunct. 

sin G s= tan AG tan PC ; 

taking the complements of G and BG, 

HQfiQmtmbcQt^; which Agrees with aquation (3) ; 

tand 

.-. tanasw 2 — t;* 
cosG 

2. To find AB or c. 

As the right angle does not disconnect, AG is the middle 
part, and AB and angle G are the extremes eonjonct. 

sin AG OB tan AB tan G ; 
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taking the eomplemeiit of C, 

smftsstaneeote; 

ftin h 

.'. tantf =s sssin^tmC, idiich agrees with efo. (9). 

cote 

3. To find the angle B. 

Since the angle B is separated from h hy the side AB, and 
from the angle C bj the hjpothennse BC; calling it the 
middle part, then AC and the angle C are the extremes 
diiganct. 

sinB = cos AC cos C; 
taking the complements of B and C, 

cos B = cos 5 sin C, which agrees with equation (5). 
Here a, c and B are found without anj ambiguity. 

26. Case 6. Given the two oblique angles B and C to find 
a^ h, c, 

1. To find a or BC. 

Here a, B and C all lie together, a or BC being in the 
middle; call it the middle part, then B and C are the 
extremes conjunct. 

sin BC = tan B tan C; 
taking the complements of the whole, 

cos a = cot B cot C, which agrees with equation (6). 

2. To find h or AC. 

Here B is separated from C by the hypothenuse BC, and it 
is separated from AC by the side AB ; calling it the middle 
part, then the angle C and AC are the extremes digunct. 

sin B = cos C cos AC ; 

taking the complements of B and C, 

cos B s sin C cos 5, which agrees with equation (5). 

3. To find or AB. 

Here the angle C is separated from AB by the side AC, 
and from the angle B by the hypothenuse BC ; calling it the 
middle part, then AB and the angle B are the extremes 
disjunct. 

sinC = cos AB cosB ; 
taking the complements of C and B, 

cos C s cose sinB, which agrees with equation (10); 
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COSC 



.*. cos(r = 



sinB 

These values leave no ambignity, and if the triangle is 
impossible they will show that it is so. 

27. When a triangle is isosceles, the two equal sides are only 
counted as one element, and the angles which are opposite to 
them also as only one element. Now, if we draw the arc of 
a great circle through the vertex of the triangle and the 
middle of the base, we divide it into two right-angled tri- 
angles, equal in all respects, and in each of which we know 
two elements besides the right angle, then the isosceles 
triangle can be solved by the formulas for right-angled 
triangles. 

28. If in a spherical triangle ABC, in which we have a -f 6= 
180°, produce a and c till they intersect in D, we shall have 
a -I- CD = 180°, hence CD=6; therefore, 

the solution of the triangle ABC is brought ^ ^^^ — /B 

to that of the isosceles triangle ABC. 

The same thing may be said of a 
triangle, in which two angles are the b ^ - 
spherical supplements of each other, for 
we cannot have A+B=180" without at the same time having 
A + B=180° and vice versd. In fact, in the isosceles triangle 
ACD, the angle CAD==D = B. Now, CAD + CAB = 180°; 
then also, in the triangle ABC we ought to have A-f-B=180°. 
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CHAPTER IL 
29, Gasp 1, Qmn tbe tbr$0 sidea a, &, o to find the angles 

A, B, C. 

To fi^d A, we have by equatiou (1) 

oos a — cos h oos c 

cos A J= r—r—' 1 

sm b sin c 

but we obtain an expression better adapted to logarithms by 

finding sin| A, cos^A, &c„ as in Plane Trigonometry, 

Since 2sin2iA = I •— cos A, we hs^YQ by snbgtitutipg the 

above value of cos A, 

^ . o 1 , , cos ft — cos 6 cos 

2sin^AA = 1 ■ . , . 

sm p sin c 

^ cos 6 008 + sin 6 sin o ^ oos a 

"" sin 6 sin 6 

cos (5 -^ c) — cos a 

sin b 9in o 

(by equation (8) pp.ge 80, Plane Trigonometry,) 

2 sin ^ (g + fe — g) sin ^ (g — & + c) ^ 

sin 6 sin c ' 

... siniA = ^ ^ini(« + 6-o)sin^(.-6H.c) 

V sin 6 sm c 

For the sake of abridgment, put a-i-5H-c = 2a, and the 
preceding expression becomes 

/sin (s — b) sin ( s — c) 
sin^A = A/ . , . . 

V sm sin c 

In the same way 

/sin 5 sin (s — a) 
cos i A = A / ; — r— 3 ; 

/sin (s — b) sin (« — c) 



.'. tan^A 



sin 8 sin {s — a) 
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BO. Oass d, Given the two sides a, h, and the angle A oppo- 
site to one of tham, to find c^ B, 0. 

We obtain at first the angle B opposite to b by the 
proportion 

sin a ; sin} : : 3inA : pinp^ • 

. _ sin A sin b 

/. sm B «B= — : , 

sin a 

It will be best to determine o and C by Napier's Analogies, 
which give 

^^ ^ sini(A — P) 

X 1 ^ J. 1 / . «\ sin i (a 4* ft) 
cot4c = tani(A--B). . 7; ,\ 

As the angle B is determined by its sine, it can either be 
acute or obtuse, however, {qx certain values of the given 
quantities a, b, A, there will be only one triangle. We may 
refer back to the similar case of plane triangles, we can thus 
find C in a direct manner by the equation 

cot A sin C + cos ft cos C = cot a sin ft, 

To effect this, let us at first determine an auxiliary angle ^, 
by putting cot A =» cos ft cot f, from whence we have 

cotA 
cot © = — r ; 
cos ft 

.1 . xi . /wv « . 1 . ^ cos ft cos © 

then in the equation (5), p. 6, cot A5=?cogi ft cot ?=;-— ^ — -^, 

the equation becomes 

oos ft (sin C cos f + cos C pin <p) = cot a sin ft sin ^, 
from which we find 

• /^ . ^N tan ft sin© 
tana 

hence C + ^ is determined ; let G 4- ip ss m, and we have 
C = m — (p. 
After hftving found 0, we obtain the side e by the proportien 

sin A : sinC : ; sin a ; sine, 

But if we wish to find c directly, we must refer back to 
equation (I), page 5, 

cos ft cose + cos A sin ft sin osa 008 a. 
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This may be reduced in the same waj as the equation 
above, by using an auxiliary angle ^, putting cos A sin 6 s= 
cos b cot 9, from whence we haye 

cot f = cos A tan b ; 

consequently, the above equation becomes 

cos b (sin ^ cos c + cos q> sin c) = cos a sin ^, or 

• / . ^\ cos a sin ^ 

sm (c -f- ^) = = — . 

cos 6 

Having found ^, we can easily find c. 

31. Case 3. Given the two sides a and b and the included 
angle G to find A, B, c. 

The formulsB (5) (6), page 6, give for A and B 

cot a sin 5 — cos b cos C 



cot A = 
cot B = 



sinC 
cot b sin a — cos a cos C 



sin G 



By employing auxiliary angles it is easy to reduce each nu- 
merator to a single quantity, but is is more simple to recur 
to Napier*s Analogies. 

T / A . «\ i. 1 ^ cos i (a — 5) 

tan J (A + B) = cot J C . ^^ 



tan J (A — B) = cot I (D . 



cos J (a -f b) 
sin i{a — b) 



sin i{a + b) 

which give ^ (A -f B) and^ (A — B), consequently by adding 
and subtracting we find A and B. 

The angles being found we obtain c from the proportion 
sin A : sin C : : sin a : sin c ; but if we wish to have c directly 
we must take the formula, page 5, 

cos c = cos a cos & + sin a sin 6 cos C ; 

in which if we make sin 5 cos C = -, 

sm f 

ss cos 6 cot 9, then it becomes without any ambiguity 

cos b sin (a + p) 

cot 0=tan b cos C, /. cos c = ; — • 

^ sm ^ 

32. Case 4. Given the two angles A aud B, and the adja- 
cent side c, to find a, b, c. 
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We can find a and h by the formulae (7) and (9), page 6, 

cot A sin B + cos B cos c 

cot a = • — : 

sm c 

- cos B sin A 4- cos A cos c 

cot O = ; 

sm c 

and better still by Napier's Analogies, 

w tN X 1 cos A (A — B) 

tan i (a + J) = tan J c f4 [ 

^ ^ ^ ^ cos J (A + B) 

* w IN * 1 sin i (A — B) 

tan 4 (a — 6 ) = tan i c . -^ — ~~- -( . 

^ ^ ^ * sm J (A + B) 

These equations detennine \ [a -^ h) and i (a — J), and 
from which, by adding and subtracting, we find a and h. 

We can now find C by the proportion 

sin a : sin c : : sin A : sin C, 

or we can find C directly by making use of the formula, equa- 
tion (13), page 7, viz., 

cos G = sin A sin B cos c -^ cos A cos B. 

If we put sin B cos c = cos B cot ^, it will become 

« ^ cos B sin (A — d) 
cot © = tan B cos <?, cos C = r— ^ — - 

^ sm ^ 

This case is analogous to the third case, and offers no am 
biguity. 

33. Case 5. Given the two angles A and B, and the side a 
opposite to one of them, to find J, c, C. 

This case is quite analogous to the second, and is treated 
in the same manner, and has the same ambiguities. 

We deduce b from the proportion 

sin A : sin B : : sin a : sin 5, 
and we find c and C by the formulae already employed, 

J, 1 A If ,x sin |(A + B) 
, , , . sin i (a -f 5) 

The side c can also be obtained by equation (7), 
cot a sin c — cos B cos c = cot A sin B, 
in which we make cot a = cos B cot f 
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cot II . , . tan ft bin A 

.'. cot © = — - , sin (c — d)) = — - — T 

^ cosB ^ ^^ tauA 

Lastly, we can find C, for sin a : sin c : : sin A : sin C, or 
better by means of the Equation, 

cos a sin B sin G <- cos B cos C = cos A, 

we reduce the first member to a monomial by putting 
cos a sin B =^ cos B cot (^, from whence we have 

. , . cos A sin 

cot © = cos a tan B, sm (C — ^) = ^ — ; 

^ ^ ' cos B 

these values daterknitie (^, C— ^, and consequently the angle C. 

84. Case 6. Giveh thd three angles A, % t, to find the sides 
a, ft, c 

This case is solved iti a sittiilar way to the fir^f . 
By page 7, equation (11) 

cos «< + cos B cos C 

cos a = ; — — — ; — » 

sm B sin 
and by the same method, as used in the first cas^, 

sin--« - , ^sin S sin (A - S) 



jm i te a ^ . 
feos ^ rf = a/ 



sin B sin 



sin (B — S) . sin (C — S) 



sin B sin C 

, ■ / sin S sin (A — 8) 

tan i a = A / — — • ;— ^^ 

^ /y sin (B - 8) sin (C -- S) 

By Usitig the polar triangle in Case 1, we bave 

. I /— dos S . cos (S ^ A) 

sm ^ a = A/ — ^ 



sm B sm c 



^« ^Y' 



cosia ^,^ C08(S-B)cos(3-C) 

sinB sine 



* 1 ^ ^ / — cos S cos (S — A) 
tan i a sis a/ — !^_- %_. 

* V cos (8 — B) dos (8 — C) 

The first and kst of these appear under an impossible 
form, but since S is alWttys greater than 90 and leSs than S70, 
the cos 8 is always negative* and therefore makes the quan- 
tity under the radical always positive* 
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ON THE AMBIGUOUS CASES OF SPHERICAL tRIANGLEB. 

35* The only cases in whicli there is any uncertainty are the 
second and fifth. We proceed to show in this article what 
conditions are necessary that there may he two solutions, or 
only one, or even when the triangle is impossihle; 

Let us coiisider upon a sphere a semicircle DCD' perpen- 
dicular to a whole circle DHD'j take 
CD less than 90^ and draw the arcs of 
great circles CB, CB', CH . . . . from 
the point C to the different points of 
the circumference i) H i)'. Produce C D, 
making C'D = CD, and join C'B. The 
triangles CDB, C'DB have a right angle 
contained between the equal sides, 
therefore CB = C'B. Now we have 
CDC'< CB + bC, therefore t)D< CB. 

Hence, in the first place, the arc CD is the leflst that wa 
fean draw from the point C td the circumference DHD'; and 
consequently CD' is the greatest. 

Let DB' = DB ; then in the two triangles CDB and CDB' 
have the two sides CD, CB and the right angle CDB of the 
one, equal to the two sides CD, DB, and the right anglb 
CDB' of the other, hence CB' = CB. Therefore, in the 
second place, the oblique arcs equally distant from CD or CD' 
are equal. 

Lastly^ let DH >DB; draw C'H and produce CB till it 
intersects C^H in I. Then, since the arc CC' is less than a 
semicircle, it will meet CB produced beyond the point C'j 
this requires that the intersection I falls between H and C'. 
We have therefore C'B < C'l -f- IB, and consequently C'B 
+BC < C'l + IC. But we have 1C< IH + HC, and there- 
fore C'l -f IC< C'H + HC; hence, it fortiori, C'B + BO 
< c'h -f HC. Now, C'B = BC and C'H = HC, therefore 
we have BC < HC, Consequently, in the third place, the 
oblique arcs are greater the farther they are from CD^ or the 
more they approach CD'* 

Now, suppose we have to construct a spherical triangle» the 
given quantities being a, &, and the angle A opposite to a* 

We may at first remark that certain cases of impossibility 
are indicated even by the calculation. To show this^ make 
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the angle CAB = A and AC = 5, produce AC and AB till 
they intersect in E, then let fall the perpendicular C D upon 
AE. 

The arc CD ought to he of the same affection or species as 





the angle A hy Art. 19; then, when A is acute, CD is the 
shortest distance from the point C to the semi-circumference 
AE, and it is the greatest when A is ohtuse. 

In the first hypothesis the triangle will he impossible if 
we have a < CD, which gives sin a < sin CD ; and in the 
second it will be impossible if we have a > CD, which gives 
again sin A > sin CD. 

Now, in the righ^angled spherical triangle ACD, we have 

sin CD = sin 6 sin A ; 

then, in both hypotheses we shall have sin a < sin & sin A. 

On the other hand, when we seek the angle B of the unknovm 

triangle ACB, we have 

. ^ sin J sin A 

sm B = — : ; 

sma 

then this value of sin B will be > 1, which is impossible. 

If we have a = CD, there will be only one righ^angled 
triangle, ACD, which will be possible, and it is that which 
again indicates the value of sin B, which becomes sinB = 1. 
It is understood that the angle A is not equal to 90°. 

Let us now examine the different relations of magnitude 
which the given quantities a, b, A can present. 

Let A < 90° and b < 90° (fig. p. 23). Since A and b 
are < 90°, A D is also < 90° by Art. 19 ; then A D < D E ; if 
now we have besides a <,b, it is clear that we can place 
between C A and CD an arc C B = a, and that on the other 
side, between C D and C E, we can put another CB'= CB = 
a ; that is to say, there are two triangles ACB and ACB' 
which have the same quantities -given, viz., a b A. 

When a = J, the triangle ACB disappears, and there re- 
mains only the triangle ACB'. 

When a 4- ^= 180, or when a + * > 180, the point B' 
coincides with £, or passes beyond it, and then no triangle 
can exist. 
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We can discuss in the same manner the other hypotheses. 
The results are all contained in the following table. The 
sign > signifies equal to or greater than ; and the sign << 
signifies equal to or less than. 



A<90^ 



A>90^- 



A=90*'^ 



^<90^ 



h>W 



J = 90* 



h<W 



b>W 



J = 90^ 



^<90* 



h>90' 



5 = 90* 




a<h 

+ 5 > 180^ 

+ J < 180° 
+ ^> > 180° 

f a<b 

\ . a>b 

a + b> 180= 
a + 5<180° 
o<6 

a>b 
a<i!^b 

a +b<^ 180° 

a >b 

a <5 

a>b 

a-^b 

a + i>5 

a<b 

a'^ b 
a ■+• 5 < 180* 

fl = 90° 



two solutions, 
one solution, 
no solution. 

two solutions, 
one solution, 
no solution. 

two solutions, 
no solution. 

two solutions, 
one solution, 
no solution. 

two solutions, 
one solution, 
no solution. 

two solutions, 
no solution. 

one solution, 
no solution, 
no solution. 

one solution, 
no solution, 
no solution. 

solutions ad infinitum. 



o<or>90° no solution. 



By the properties of the polar triangle, we can apply the 
results to the fifth case, where A, B, a, are given, only taking 
care to change a, b, A into A, B, a, the sign > into <, and 
the sign < into > . 

When the given quantities fall in a case where we ought 
to have only one solution, the calculation will still indicate 
two. But to discern which ought to be taken, it is sufficient 
to observe, that the greater angle must be opposite to the 
greater side, and conversely. 

See Lefebure De Fourcy's Trigonometry, 
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Suppose, for e^sample, that we have given Assl 12^, a35=102^ 
h 3SS 106^ In the preceding table, among the cases which 
correspond to A > 90^ we consider that where h > 90°, and 
among these that where a < 5. We may observe besides, that 
a -f- J = 208°, therefore a -\-h> 180°, we conclude from the 
table that there is only one solution, and since ( is > a, the 
angle B is greater than A^ therefore B is obtuse. 



TO RBDVOfi AN AKGtB TO THfi HOIIIZOK. 

86. Let BAG be an angle in an inclined plane, anci AD the 
vertical passing through A. Draw the horizontal plane meet- 
ing the lines A B, AC, AD, in £, F, G ; the angle EOF is the 
horizontal projection of the angle BAG, or, in other words, it 
is the angle BAO reduced to the horizon. It is this angle 
EFG that we have to calculate, supposing the angles BAG, 
BAD, GAD, to have been determined by an instrument. 

The geometrical construction is easy, for the line A G being 
arbitrary, we shall have sufiBoient quantities given to con- 
struct at first the right-angled triangle, BAG 
and FAG, then the triangle EAF, and, lastly, 
the triangle EGF. The calculation of the 
angle EGF is equally easy. If we describe a 
sphere from the centre A with any radius, the 
lines AB, AC, AD, where they meet the 
sphere, will determine a spherical triangle 
BCD, of whioh the sides are known by means 
of the given angles, and of which the angle 
BDC of the triangle is equal to the required angle EGF. 

Then by the first case of oblique-angled spherical triangles, 
page 18, we have 




""**-V sin J sine ' 

wljerea«=BAC; J = BAI>; c = CAD; «=i(«+8Tc)- 

Let 0=47° 45' 39", 6=69° 49' 19", 03=80° 17' 36". We 
shall have 2 «=] 97° 58' 34", »=98° 56' 17"j «~i=»9° 6' 58"; 
8_c=18°38'41". 
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log8in(«-6) 9-6871552 

logsin(»-.c) 9-5047412 

comp. log sin ^ 0-0275078 

comp. log sin c 0-0062623 

2 log sin I A 19-2256665 

log sin I A 9-61283a2 

.-. i A = 24^ 12' 27''-9, or A=48° 24' 66''. 

87. The following properties of spherical triangles we shall 
premise before entering on the numerical solution of tri- 
angles. 

Any side of a spherical triangle is less than a semicircle, 
and any angle is less than two right angles. 

For the limit of any plane angle is two right angles, and 
this is also the limit of any plane face of a solid angle. 

The sum of the three angles is greater than two right 
angles and less than six right angles. 

If the three sides of a spherical triangle he equal, the three 
angles will also be equal, and vice versd. 

If the sum of any two sides of a sphe^cal triangle be equal 
to 180**, the sum of their opposite angles will also be equal to 
180°, and tnce versd. 

If the three angles of a spherical triangle be all acute, all 
right, or all obtuse, the three sides will be accordingly all less 
than 90°, all equal to 90°, or all greater than 90°, and vice 
vend. 

The sum of any two sides is greater than the third side, 
and their difference is less than the third side. 

The sum of any two angles is greater than the supplement 
of the third angle. 

The sum of the three sides is less than the circumference 
of a great circle. 

If any two sides of a triangle be equal to each other, their 
opposite angles will be equal, and vice vend. 

Since 

. cos a— cos 6 cos c 

cos A =3 ." , . , 

sin sm c 

cos 5 — cos o cos c 

cos B = : : . 

stn a sm c 

2 
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_ cosa— oosaoosc 

II b=sa, these expressions are each = : : 

' '^ sin a sm c 

.*. cos A =s cos B or A = B ; 

that is, the angles at the base of 
an isosceles triangle are eqnal^ 
and the converse of this holds 
also. From this it is easily shown 
that the greater side of a sphe- 
rical triangle is opposite the 
greater angle, for let A B C be 
greater thim CAB, and make the angle ABD eqoal to tho 
angle DAB; /. D A = D B. 

AC=AD + DC = DC + DB, butDC + DB>BC 

.-. AC>BC. 




ON THE NT7HEBICAL S0LX7TI0N OF BtGHT-ANGLED SPHEBICAL 

TRIANGLES. 

88. When the hypothenuse and one side are given. 

Ex, 1. Given the liypothenuse B C = 63° 56' 7", and the 
side A B = 40^ to find the remaining parts of the triangle. 

To find the other side, A C. 

Here the hypothenuse and the two sides are the three cir- 
cular parts. 

The hypothenuse being separated or disjoined from the 
sides by the angles is therefore the middle part, and the sides 
the extremes disjunct. 

sin B C = cos A B cos AC; 

taking the complement of hypothenuse as directed by the 
rule, 

cos BC = cos A B cos A C; 

log cos B C ss log cos A B + log cos A C— 10 
log cos AC = log cos B C — log cos A B+10 

= log cos 63° 66' 7"— log cos 40«+10 

= 9-6428464 — 9-8842540 + lOj 

= 9-7585924 ; 

.-. A C « 54* 59' 59''-6. 
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The side A G is acute, because the hypothenuse and the 
given side have the same affection. 

To find the angle B. 

This angle connects the hypothenuse and the given side, 
and is therefore the middle part, and the other the extremes 
conjunct. 

•«. sin B = tan AB . tan BC ; 

taking the complements of the angle and hypothenuse, 

cos B = tan AB . cot BC; 

log cos B = log tan AB + log cot B G •— 10 
= log tan 40° + log cot 63° 56' T' 
= 9-9238136 +9-6894258 - 10 
=: 9-6132393; 

.-. B = 65° 46' 6'\ 

The angle B is acute, as the hypothenuse and given side 
are of the same affection. 

To find the angle G. 

Here the side AB is separated from the hypothenuse by 
the angle B, and it is separated from the angle G by the side 
AG ; take it to be the middle part, then BG and the angle A 
are extremes disjunct. 

sin AB = CCS BG . cos G^; 
taking the complements of hypothenuse and angle G, 

sin AB = sin BG sin G ; 
log sin AB = log sin BC + log sin G — 10, 

log sin G = log sin AB — log sin BG + 10 

= log sin 40° - log sm 63° 56' 7"+ 10 

= 9-8080675 + 0-0465794 by taking comp. log. 

63° 56' 7"; 
= 9-8546469 ; 

.-. G = 45° 41' 21". 

The angle G is acute, the hypothenuse and given side being 
of the same affection. 
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When the two Ma are ffiven. 



Given the ride AC = 52^13', and the ode AB a: 42* 17', 
to find the remaining parts. 

To find the an^ B. (See fig. p. 12.) 

As the. right angle does not disjoin, AB is the middle 
part^ and the angle and side AC are extremes conjunct 

tin AB «tan B . tan AC ; 
taking the complement of B, 

sin AB ss cot B tan AC ; 
logcotBslogsinAB^logtanAC + 10 
= 9-8278843 + 10 — 101106786 
= 9-7173057, which is the log cot 62^ 27' ; 
.'. B = 62^ 27', 
which is acute, like its opposite side. 

To find the angle C. 

Here AC is the middle part, and the angle C and AB are 
extremes coi\junct. 

sin AG s= tan AB tan C ; 

taking the complement of C 

sin AC = tan AB cot C ; 
log cot C = log sin AC — log tan AB -f 10 
= 9-8978103 — 9-9687542 + 10 
= 9-9390661, which is the log cot of 49°. 

The angle is acute like its opposite side. 

To find the hypothenuse BC. 

The hypothenuse being separated fi*om the sides by the 
angles, it is the middle part» and the sides are the extremes 
disjunct. 

sin BC as cos AB . cos AC ; 

taking the complement of the hypothenuse, 

cos BC = cos AB cos AC ; 



SPHSBIOAL TAIOONOMSTBt. 81 

logCOSBG rslogCOSAB + logOOSAC — 10 

= 9-8691301 -f 9-7872317 — 10 

S39-656361S, which is the cosine eS"" 31', 
which is less than 90°, AC and BC being alikOi 

When a side and its opposite angle are given. 

Given the side AG s= 55^ and its opposite angle B =s 
66° 46' 5'', to find the remaining parts of the triangle. 

To find the other angle G. 

Here B is the middle part, being separated ftom AC by 
AB, and from the angle C bj BC ; 

.-. AC and C are the extremes disjmict. 

sin B =s cos AC cos G ; 

taking the complements of B and G, 

008 B s cos AC sin C ; 

log sin C ■■ log 008 B "~ log cos AG -t 10 

== 9-6138407 + comp. log 0*2414087 + 10 

» 9-8546494 » log sin 45° 41' 21" ; 

.-. C = 45° 41' 21". 

• 

The angle G is ambiguous ; as it cannot be determined by 
the data alone whether, AB, C, and BC are greater or less than 
90°. 

To find the side AB. 

Here A B is the middle part, AG and B the extremes 
conjunct. 

sinABs± tan AG tan B; 

taking the complement of B, 

sin AB a tanACootB; 

log sin AB 3s log tan AC + log cot B -^ 10 

= 10-1547732 + 2-6532976 - 10 

m 9-8080708, which is the sin 40° j 

/. AB = 40°. 
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The side AB is also ambigaons for the same reason as 
above. 

To find the bjpothennse BC. 

The side AC is the middle part, and BC and B are the 
extremes digunct 

sin AC = cos BC . cos B; 

4aldi)g the complements of hypothenuse and angle, B, 

sin AC = sin BC sin B; 
log sin AC = log sin BC + log sin B — 10 
log sin BC = log sin AC — log sin B + 10 
= 9-9133645 + 0*0400568 + 10 
= 9-9534213; 

/. BC = 63° 56' r\ 

When a side and its adjacent angle are given. 

Given the side AC = 54' 46', and its adjacent angle 4T*56', 
to find the remaining parts. 

To find the side A B. 

Here the circular parts all lie together, hence AC is the 
middle part, and AB and C the extremes conjunct. 

sin AC s= tan AB tan C ; 

taking the complement of C. 

sin AC = tan AB cot C ; 

log AC = log tan AB + log cot C — 10 

log tan AB = log sin AC — log cot C -f 10 

= 9-9121207— 9-9554535 + 10 

= 9-9566672 which is the tangent of 42° 8' 46"; 

/. AB = 42°8'46" 
which is acute, like its opposite angle. 

To find the angle B. 

Here B is separated from the two given quantities; calling 
it the middle part, then AC and C are the extremes disjunct 
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sin B = cos A C cos C ; 
taking the. complements of B and C, 

cos B = cos AG sin G; 

log cos B = log cos AG + log sin sin G — 10 
= 9-7611063 + 9-8706179 — 10 
= 9-6317242, which is cos 64° 38' 31"; 
.-. B = 64° 38' 31". 

To find the hypothenuse BG. 

Here the circular parts all lie together, and G heing in the 
middle, is the middle part, and B G and A G the extremes dis- 
junct. 

sin G = tan BG tan A G; 

taking the complements of the hypothenuse and of angle G, 

cos G == tan AG cot BG ; 
log cosG = log tan AG + log cot BG — 10; 

.-. log cot BG = log cos G — log tan AG -f 10 

= 9-8260715 — 101510145 -f 10 

= 9-6750570, which is the cotangent of 
64° 40' 34" ; 

.-. BG ;= 64° 40' 34". 



QUADRANTAL TRIANGLES. 

39. Quadrantal triangles can he solved hj the same rules as 
right-angled triangles for using the polar triangle; we see that 
since one side is a quadrant, and that in the polar triangle 
A' =180— a; 

.-. A' = 180° — 90° = 90. 

In the polar triangle, since A' = 90, we have hy the equa- 
tions, page 10, 

cos tf' = cos y cos c' 

sin V .= sin a! sin B' sin </ = sin a' sin G' 

tan ^ss tan a' cos G' tan (/s= tan a' cos B' 

3 



u 

tan^ = sm<^UuiB^ tm ^ s= on ^ ten C 

COS 4/ ^ cot B^ cot ^. 
From these bj sabstitotiiig these Taloes 

</=18(P — A; ft' = 18(y' — B; i^a=180* — C; 
A' = 180^ — a; B'=:180^ — 6; C«180- — c; 
we get these results, 

cos A = — COS B cos C 

sin B = sin A sin ^ sin G = sin A san 6 

tanBs:— tanAoosc tan C =— tan A cos ft 

tan B s= tan ft sin <; tan C = sin B tan e 

COB ft =s sin e cos B cos e = sin ft 00s C 
cos A = cot ft cot <; 

Or witboat using the polar triangle, 

cos a — cos ft cos <; , , 

cos A s : — T—' f make a s qnadiant, 

sm sin e 

then cos a s= 0, and we have 

cosftcosc ,, ^ 

cos A = . , . — =5— cotftcotc; 

Binftsmo 

cos ft — cos a COB c cos ft 

cos B = : : = ; 

sin a smc sm a 

cos c — cos a cos ft cos c 

cos C = : : — 7 = -: — i' 

Sin a Sin 6 sm 6 

, XI ^* sin A sin a. 

Prom these equations, and the equation -r— = -: — 7. we 

can deduce all the cases of quadrantal triangles. 

Given AB = c = 32*> 57' 6" and A C = ft = 66*^ 32', to 

fiud B and A, 

oos A SB — cot ft oot (T 

log cos A = log cot ft + log cot c — 10 

= 10-1882850 + 9-6376106 — 10 

» 0*8358956, which is the cosine of 47"* 57' 16", 

bat since cos A is Degative, A must be greater than 90®. 
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OBLIQUE-ANOLED T&IANaLESi 

40. Case 1. Given the three sides, viz. 

AB w 79* 17' 14"^ 

BO as IW ^ to find the rest. 

AC = 58° 

To find the angle A. 

-r» , ft . 1 /sin (s — b) sin {» — c) 

By page 18, sin i A = A/ - I • -I 

'fro s Y Sin 6 sm c 

hence we have the following rule : 

From half the sum of the three sides subtract each of the 
two sides which contain the required angle. 

Add the log sines of these two remainders, and the com- 
plement logs of the sines of the sides which contain the 
angle. 

Half the sum of these four logarithms will give the log 
sine of half the required angle. Thus : 
79° 17' 14'' 

110 
58 



2)247 17 14 



123 38 37 = i sum of the three sides. 
79 17 14 



•«ia«*a 



44 21 23 first remainder log sin = 9,8445513 



123 88 37 

58 



65 38 37 second remainder log sin = 9,9595173 

comp log sin 58° 0,0715795 

comp log sin 79° 17' 14" 0,0076359 

2)19,8832840 



log sin = 60° 57' 28" = 9,9416420 

2 



121 54 56 equals the required angle A. 
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By a similar operation the angles B and G may be found ; 
but when one angle is known, the other two are easily deter- 
mined by Art. 13, page 6. 

Case 2. Given the angle A = 32** 20' 30", the side 
h = 72° 10' 20", and the side a == 78° 59' 10", to find B, C 
and c. 

^ . sin A . sin & 

Here by page 6, sm B = : 

^ ^^^ sm a 

log sin B = log sin A + log sin 5 — log sin a 

log sin A = 9-7283269 
log sin 5 = 9-9786283 

19-7069562 
log sin a = 99919261 

log sin B = 9-7150291 
/. B = 31° 15' 15". 

By page 9, equation (16) 

1 / V cos A (a + 5) 

cot i C = tan i (A + B) 1) ^ J[ 

* * ^ 'cos t (*--*) 

log cot ^ C = 

log tan ^ (A + B) + log cos \{a-\-b)^ logcos^ (a— 5) 

log tan i (A + B) = log tan 3P 47' 52" = 9-7217470 
log cos i (a + 5) = log cos 75° 84' 45" = 9-3962727 

19-1180197 
log cos i (a - ^^) = log cos 3° 24' 25" = 9 9992318 

log cot i C = 9-1187879 
/. I C = 82° 30' 39" ; 
orC = 165°l'18". 

We might find c from the equation 

sin C 

sm c = sm a . ", — 7, 

smA 

but we can find it directly from Napier*s Analogies. 
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By page 9, equation (14), we have 

"" ^^ ^ ^ cosi(A--B)' 

*. log tan ^ c = 

log tan |(a 4- ^) + log cos J (A + B) -^ log cos H^ - B) 

log tan |(a + 5) = log tan 75° 34' 45" = 10-5898236 
log cos |(A + B) = log cos 31° 47' 52" = 9*9293745 

20-6191981 
log cos |(A — B) = log cos 1° 5' 15" r= 9-9999218 



log tan I <? = 10-5192763 
i c = 73° 10' 10" 
/. c = 146° 20' 20". 

Case 3. Given C = 30° 45' 28" ; a = 84° 14' 29" ; b = 
44° 13' 45", the two sides and the included angle, to find 
A, B, c. 

By Napier*s Analogies, page 9, equations (16) and (17), 

'tani(A + B) = cotiC.S24^J) 

^ COS J (a + 6) 

and tan i(A - B) = cot | C .^J^^T^^) 
*^ ^ ^ sin^(a + 6) 

i C = 18° 22' 44" log cot = 10-4785395 
^ (a - 6) = 20° 0° 22" log cos = 9-9729690 

20-4515085 
i (a + 6) = 64° 14' 7" log cos = 96381663 



.-. log tan ^ (A -I- B) = 10-8133422 
.-. i (A + B) = 81° 15' 44". 41. 
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A — * B detenuined* 

i C s- 18° »3' 44" log cot =: 10-4785396 
^(a-J)s-20 ^2 log sin = 9-6341789 

a00127lS4 
i(a+6) = 64 U *t log sin =5 d«9648355 

10-0581929 

i (A - B) = 48° 49' 38". 

A and B determined. c determined. 

i(A+B)=81° 15' 44"-41 log sin 36° 46' 28"= 9-7770168 
|(A-B)=48 49 38 log sin 44 13 45 = 9-8435629 

.-. A =130° 6' 22"-4l 19-6206787 

B = 32 26 6-41 log sin 32 26 6 = 9-7294422 

.-. log sin c = 9-8911365 

.-. € = 51° 6' 12". 

c may be found directly, without finding A and B, by the 
following method : — 

008 — • cos tf . cos ^ ^ 

Smce cos C = ; -. — t 1 page 5, 

sma. sm 6 ^ °. 

.*. cos «d 008 a . cos 5 + sin a . sin ( . cos C ; 
but cos C = 1 — ver. sin C, 
.*. cos c=cosa . cos i+sin a . sin (— sina . sin b . ver. sin C, 

S8008 {a-^b) -«< sin a . sin 6 . ver. sin C ; 

.-. 1— cose, or 2sin*'— =ver.^in(a— i)+sina.sin5. ver.sinC, 

2 

/ sin a • sin 5 . ver. sin C \ 

== Ter. sin (a-^o) \ 1 -f- * — 7 — ' i\ ' ' )• 

Yox. o V / \ ver. sm (a-^b) J 

sin a . sin & . ver. sin C 

Let tan^ 6 = ^^^ o;^. /^ — r\ ' 

Ter. sin (a— 6) 
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which in logarithniB id $2 log tan 6 = 
log sin a + log sin 5 + logver.8inC-logver.8in(a— 6)...[a] 

then 2 sin^ — • = ver. sin (a— J) . sec' 0, and 

log 9+3 log sin ^=log ver. sin(a-5)+a log sec 6'^lO...[b] 

c computed independently of A and B. 

Finding the auxiliary angle by the form [a], 

a = 84^ 14' 29'' sin = 9-9978028 

i =s 86 13 45 sin = 9-8436629 

C = 36 45 28 ver. sin = 92984762 

29-1398419 
a — b = 4:0 44 ver. sin « 9-3693878 

.-. 2 log tan = 19-7704541 

and log tan d = 9-8862270 

Case 4. Given c = 60° 6' 20"; A = 129° 68' 30"; 
B = 34° 29' 30"; to find a, 6, C. 
By equations (14) and (18), page 9, 

* 1 / .IN X 1 cos 4 (A — B) 
tan |(a + J) = tan I <? . f^ 1 

* cos ^ (A + B) 

tani(a-^) = tan|c. Tfi^""^^ 

^ 8inl(A + B) 

i (A + B) = 82° 14' 
I (A - B) = 47° 44' 80" 
|c = 25° 3' 10" 
log tan i (a -f J) B= 

log ten ic + log cos J (A — B) — logco8|(A + B) 
log tan i c = log ten 26° 3' 10" = 96697162 

log cos |(A - B) = log cos 47° 44' 30" = 9-8276768 

19-4973920 
log cos J (A + B) = log cos 82° 14' n 9-1307812 

log tan i (a + i) = 10-3666108 



40 8PHEEIGAL TBIGOKOMETBT. 

... ^ (a + J) == 66** 44' 10'' 

logtani(a — 6) = 

log tan J c + logsin i (A ^ B) — log sin |(A + B) 

log tan i c = log tan 25° 8' 10" = 9-6697162 

log sin i (A — B) = log sin 47° 44' 30" = 9-8693023 

19-5390185 
log sin i (A + B) = log sin 82° 14' = 9-9959977 

log tan i (a — ft) = 95430208 

^ (a - ft) = 19° 14' 50" 
i(a + ft) + i(a-ft) = a 

66° 44' 10" 
19° 14' 50" 



85° 59' 0" 
47° 29' 20" 



.-. a = 85° 59' and ft = 47° 29' 20". 

To find C. 

sin A sin G 



sm a sin c 

, ^ . sin A 

or, sin C = sm c . -: 

sina 

log sin C as log sin c + log sin A — log sin a 

log sin A = log sin 129° 58' 30" = 9-8844129 
log sin c = log sin 50° 6' 20" = 9*8849241 

19-7698370 
logsina = logsin85°59' = 9-9989319 

log sine = 9-7704051 

/. C = 36° 6' 50". 
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Case 5. Given the angles A = 70"* 39'; B s= 48° 36'- 
a = 89° 16' 53", to find the rest. 

T)«r^«^^oi ^1. • X sinasinB 
ijy page 21, we have sm h = > — — 

sin A 
log sin J = logsina + logsinB — log sin A 
log sin a = log sin 89° 16' 53" = 9-9999658 
log sin B = log sin 48° 36' = 98751256 

19-8750914 
log sin A = log sin 70° 39' = 9-9747475 



log sin 6 = 9-9003439 

/. 6 = 62° 39' 4" 

sin 6 = sin (180 - ft) = sin 127° 20' 56"; but since A > B, 
a must be greater than ft, hence ft cannotbe 127° 20' 56", 

To find c. 

By Napier's Analogies 

tanic==tani(a + ft).5?^i(l+?) 
*^ ^ cos|(A-B) 

log tan I c = 

logtenl (a + ft) + log cos J (A + B) - log cos |(A - B) 
log tan i (a + ft) = log tan 70° 57' 59" = 10*4622011 
log cos I (A + B) = log cos 59° 37' 30" = 97038563 

20-1660574 
log cos |(A - B) = log cos 1 1° 1' 30" = 9-9919097 



log tan ic = 101741477 

.-. i c = 56° 11' 29", 
or c = 112° 22' 58". 
By equation (16), page 9, we have 

^ COS J (a — ft) 
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log OOt I G log S3 

log tan J (A + B) + log cos J (« + J) - logcos J(«— ft) 

log tan J (A + B) « log tan 69^ 37' 30" = 10-2320208 
log cos I (a + J) =* log COS 70« 67' 6r « 0-5133811 

1Q*7454019 
log cos J (a - S) = log cos 18'' 18' H" = 9-9774233 



log cot I C = 9-7679786 



.-. i C = 69'' 37' 30", 
or C =s 119° 16'. 



Case 6. Given the three angles, 

angle A = 120° 64' 66"' 

angle B = 60 

angle G =: 62 34 6 



• to find the rest. 



•b Art 1 . /cos (8 — B) 001 (8 — C) 

By page 22, cos J « = A/ — ^ — - i - \ ' i 

•' *^^ ■ V smBsmC 

hence the following rule. 



To find the side BG. 

From half the sum of the three angles take each of the 
angles next the required side. 

Add the log cosines of these two remainders, and the comp. 
log of the sines of each of the adjoining angles. 

Half the sum of these four logarithms will give the cosine 
of half the required side ; thus 
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121° 


54' 


56'' 




50 








62 


34 


6 


2) 


334 


29 


2 




117 


14 


31 




62 


34 


6 



54 40 25 first rem. cos 9,7621032 

67 14 31 second rem. cos 9,5875321 

comp. log Bin 50° 0, 1 1 57460 

comp. log Bin 62° 84' 6" 0,0518018 

2)19,5171881 

cosine 55^ 9J58591S 

2 



110° ss the required side BC. 

By the same method the other sides may be found ; but 
one side being known (with the angles) the rest are most 
readily found by Art. 14, page 6, 



44 
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CHAPTER III. 



41. The surflace of the sphere included between the arcs 
DM, D N is proportional to the angle N D 31 or the arc 
M N. See fig. page 1. 

If the circumference be divided into equal parts as M N, 
and great circles be drawn from D through the points M, N, 
the portions of the surface, such as N D M, are all similar and 
equd, hence if F M contains N M, n times, or if F M = n 
times N M, the surface F D M will be n times N D M. 

When D M coincides with D G, the angle F D G or its mea- 
sure F M G r= 180 ; hence if S = whole surface of the sphere, 
and if A be the angle N D M which is measured by the arc 

S A 
N M, the surface N D M = j . -— , but S = area of 4 great 

4 180 

circles of the sphere. Hairs Di£f. Cal., page 370. 

.-. S = 4 9r r* = 4 w when radius is unity, 

S 
or 7 = ir = 180. 
4 

The measure of the surface of a spherical 
triangle is the difference between the sum 
of its three angles and two right angles. 

Let the triangle be A B C, a, h, c, repre- 
senting the magnitudes of the angles at 
A, B, G ; let P=surface BCmB, Q=mCnm, 
R=ACnA; produce the arcs Cm, Cn, till 
they meet at e (which will be on the he- 
misphere opposite to that represented by 
ABmn A), then each of the angles at C and 
e equals the angle of the planes in which the arcs Cme, Cne, 
lie ; therefore ihe angles at C and e are equal. 




or 
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Again, the semicircles ACm, Cm«; BCn, Cne are equal ; 

,AC-fCwi = CwH-w^, and .-. AC=me, and BC=ne; 
and the triangle m «n=the triangle ABC; let a? = its area, 
then, by last article, 

S a 
a + P= - . 

2 180 

^ + ^=^llo'^^^ + ^ + « + ^=^ 

2 180 ' 
consequently, by addition, 

s s 

- « = ^.^QQN (g+fe+g)- J = a + ^ + c- 180^; 

orr«(a + J + c — 180**). 

Hence the area of a spherical triangle is equal to the excess 
of the sum of its three angles above two right angles, which 
is called the spherical excess. 

The late Professor Woodhouse, in his able work on Tri- 
gonometry, observes that—" This expression for the value 
of the area was merely a speculative truth, and continued 
barren for more than 150 years, till 1787, when General Koy 
employed it in correcting the spherical angles of observation 
made in the great Trigonometrical Survey." 

In a biographical sketch of the life of Isaac Dalby, late 
Professor of Mathematics at the Royal Military College, 
Sandhurst, in Leyboume's Mathematical Repository, it is 
stated that he had sent some years previously to his death 
an account of the principal events of his life after reaching 
maturity. The following is a quotation from himself given in 
the above-named excellent periodical :— i 

"General Roy's account of this measurement is in the 
Philosophical Transactions ; but it is not altogether what it 
ought to have been. His description of the apparatus, de- 
tail of occurrences, &c., are all*well enough; but he should 
not have meddled with the mathematical part, for his know- 
Udge did not extend beyond Piane Trigonometry. I drew up 
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the compotations in that form ivhich I thought the most pro- 
per for publication, but he was continually making alterations. 
He did not even undentand the rule I made use of far finding 
the excess of the sum of the three angles of a spherical triangle 
above 180° {which since that time has been quoted as General 
Boy's theorem), and would not insert it until he had coneuUed 
the Hon. Henry Cavendish. For conductisg the business in 
the field, however, few persons could have been better qua- 
lified than the General. 

" I believe he was the best topographer in England, and 
knew the situation of every barrow, cairn, aud hillock in 
Great Britain. He had something of an observatory in the 
upper part of his dwelling, and could regulate a dock or 
watch by means of transits. In fact, he was ready enough at 
calculations which depended merely on the uae of the tables. 
But the rules which he puhlishfdfor measuring the heights of 
the barometer all came from Mr, Bamsden" 

A note is given to this extract in the Repositorjr, which is 
as follows : — " It is not until very recently that Mr. Dalby 
has had justice done him with regard to this ingenious rule. 
At page 138 of the new edition of Vol. III. of Hutton*s 
Oourse of Mathematics, published by Dr. Gregory in 1827, 
we find this note : — * This is commonly called General Boy's 
rule, and given by him in the Philosophical Transactions for 
1790, p. 171 ; it is, however, due to the late Mr. Isaac Dalby, 
who was then General Boy's assistant in the Trigonometrical 
Survey, and for sevexvl years the entire conductor of the ma* 
thematical department.' " 



PUMHEft DEVKLOPJillNTS COKCESKINO TfitC SPBfiKfCAt 

EXCESS. 

ft 

42. Let the radius of the sphere be unity, r the semi* 
circumference of a great cirole; a, b, c, the three sides of a 
spherical triangle; A, B, C, the arcs of a great drole that 
measure the opposite angles. 

Let the spherical excess A-fB + C — r=S. 

The area of the spherical triangle is equal to the arc 3 
multiplied by the radius, and is therefore represented by S* 
Now, by Napier^s Analogies, 
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* ^ ^ ' cos J (« -M) 

lav -r ;-r2 / 1- tani(A + B)tAnlC 

= cos |(g -I- o) 

1 i. 1 « cos J (a — 5) ^ T" 

1 — cot A . f-^ 77 . tan i C 

* cos i (a + 5) ^ 

X 1 ^ cos i (a — i) ^ , 

cot i C . f-; rf + tan i C 

^ cos |(a + ^) 

^ ^ cos i (g — ^) 

cos i {a+ h) 

^ cot|C ,c os |(a — &) + tan i C . cos i (a + ^) 
cos i[a-^b)^ cos i (<» — ^) 

1 + COS C , . . 1 — cos 1 / , n 
.-^-_cosi(a^ft)4-~^j^-^cosj(a4-^) ^ 

cos J (a 4- i) — cos ^ (« — [b) 

(by expanding the cosines and reducing) 

1 cos i a cos ^ ft + sin ^ a sin ^ ^ cos C 
sin C — sin ^ a sin 1 6 

— cot i a cot ^ J — cos C 

~ I I ■■»■■■ mim ■ ■ ■ I I 

sinC 
battan^(A + B -f C)=s tan|(S + 180)== ^oot^S; 

cot i a cot i 5 + cos C 

.\ cot 1 S = ^ . ^^ 

* sin C 
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This equation, wbich is yeiy simple, enables us to find the 
area of a spherical triangle when tbe two sides and the in- 
cluded angle are given. 

To find the area of a spherical triangle in terms of the 
three sides, 

.i« COtiflCOtift-hCOSC 

cot t S = . *^ 

* smC 

cos c — COS a COS J 

cos C = ; -. — y 

sin a sm o 

J ^. 1+cosa ^,, l-fcos5. 

and cot t a = — ; , cot ^ & = — ;— ,— ; 

' sin a ' sm 6 

^ . , , ^ , , 1 -H cos a+cos 5 + cos c 

.•. cos C+cotiacotAJ= ^ — ^—^-^ 

sm a sm 6 

2 sin ^ sm - 



. . ^ cose— cos(fl+J) 2 

1 + COSC= ; . ' ^ = r- 



2 



sin a sin 5 sin a sin & 

(2sina+ft+o). h+ 

cos (a — b) — cosc 2 2 

1 — cos C= : -. — i — = 



sin a sin 6 sin a sin & 

Multiplying these two equations and extracting the root, 



A/ sin- 



Hh^+c . a-f ft — c . a+c — b . b+c — a 

sm — r — sm — zz — sm- 



• ^ n ' 2 2 2^2 

sm C= 2 -. r-^^ 

sm a sm 6 

By substituting these values we have 

, . ^ 1 4-cos a+cos 5+cos c 

C0tiSs=:2 -r -r -r 



77^ 

A/ sm- 



+ 6+C . a-\-b — c , a+c — b . b-\-a — b 



sm — - — sm r — sm 



2 2 



This solves the problem, but it can be put into a simpler 
form, and one that is adapted to logarithmic computation. 

It 



1 
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Besuming the formula 

^ , coti«coti6 4- cosC 

cot i S = r^— , 

* Sin C 

% 

cot^lacot^^J + Scot^acotiJcosC + I 
■ sS^C • 

by multiplying both sides of the value of cos C by 2 cot | a 
cot^&, Yre have 

- ... -cose— cos a cos J 

a cot i a cot A 6 cos C = . . . . — . », , > 
* * Jism^^asm^^ft 

putting in the numerator for cose, cos a, cos&, their values 
1 — Ji sin' J c, 1 — 8 sin* | a, 1 — 2 sin* i b, we shall have 

A .1 ., sin'ia + sin*AJ — sin*4c . 

8cotiacotA6cosCs= — ^ .^, — l^n-i ^^ ^• 

sm*|asm^i6 

* Ai X21 xfiir 1— sin^Ja 1 — sin*|& 

Also, cot* i a cot* i 6 = — . , ■ ^ r-rrr = 

6m*^a Bm*fo 

1 — sin* i a —sin* i ^ i ^ 
sin*iasin*i5 

Substituting all these values, we have 

1 1 — sin* A c 
— — — £s = or 

sin* i S 8in*^asin*^6 sin* c' 

. . sin ^ a sin ^ 5 sin C 

sin A S c: . 

* cos ^ c 

Substituting for sin C its value, we have 

8PHER. TAIOONOM. D 
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sin^S = 

) 



V( 



sm — sin ■ ^^ « ■ sin z — sin 



2 2 



2cos^acos^ftcos^c 
which expression is adapted to logarithmic computation. 
If we multiplj this equation b j cot ^ s we have 

1 + cos a + cos ft + cos c 

cos i s = —J 1 rr — t — =* 

4eosfaoosiftcos|c 

cos* i fl + cos* i ft + cos* ^ c — 1 ^ 
2oos^acos^ftcosic ' 

From this we haye, 

1 — cos i$ ^ , 

; — Y-^-^or tan 1 $ =5 

sm i 8 * 

1— cos*i a— cosi* ft— co8*i^+2cosiacos^ftcosic 



/r . a'\'h+e . a+ft— c . a+c — ft . ft+c— al 
^|ein_^_.8m^— .sm-^—.sui— ^_| ^ 

The numerator of this expression can be put under the 
form (1 — cos* i a) (1-cos* i ft) - (cos ^ a cos ^ ft-^cos i c)* 
which may be decomposed into the fsuitors 

sin ^ a sin ^ ft + cos ^ a cos ^ ft — cos ^ c and 

sin i a sin i ft — cos ^ a cos ^ 6 + cos -J- c. 

These reduce ultimately, the first to cos (^ a— | ft) — cos ^ c=: 

^ . «+c— 6 . ft+c— a 

2 sm — sm — - — , 

4 4 

the second to cos -J^ c — cos (J a + ^ ft) = 

- . a+ft+c . a+b—c 
2 sin —-: — - sm - — -— - : 
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.*. tan ^ S =s 

4 6m —3 — sm — - — . sm — - — sin — - — 
4 4 4 4 



V( 



V 



. o+ft-hc . a+b—e . a+c— ft . b4-6—a^ 
sjn — ^ — Bin — sin — - — sm — - — 5- 

/. tan i S = 



a-\-b+c ^ a-^b^c ^ a-\-c-^l b-^c—a 

tan tan — ; tan • . tan — 

4 4 4 4 



This elegant formula is due to Simon Llmillier. See 
Legendre's Geometry, page 319. 

GIKARP^S THEOBEM. 
43. By page 45, 

a + b + c — 180° = — r- a?, or reducing a, b, c to seconds, 

, 180° X 60 X 60 
the excess in seconds = -r; a. 

Now, on the earth's surface, the length of 1° taking a 

mean measurement =; (60859*1) x 6 feet, and an arc = 

,. 860 

radius =c -r^— ; 

.-. (60859-1) X 6 X -TT— 3S5 radius of the earth in feet; 

2t 60 X 60 
.'. the excess in seconds =sw. 



360 6^ X (60859-l)« 
8w X 10 



» M/* 



36 X (60859-1)2 

log . excess = 

logo? - {2 (log 6 + log 60859-1) - log2w x 10} 

«= \ogm -^ (liaa49536 - 1*7981799) 

« logo?". 9-3267787. 

D 3 
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Hence the following rule : — 

From the logarithm of the area of the triangle, considered 
as a plane one, in feet, subtract the constant logarithm 
9*3267737, and the remainder is the logarithm of the excess 
above 180°, in seconds nearly. 

Observed angles. 

Ea. Hanger HUl Tower (a) 42** 2' 32'' 

Hampton Poor-house {^) ^"^ ^ 5 3^ 

King's Arbour (V) 70 1 48 

Distance from {a) to {b) = 38461-12 feet, 
from (a) to (c) = 24704*7. 

Taking the distance from (a) to (c) for the base of the 
triangle, the perpendicular on the base will be 38461*12 x 
sin 42° 2' 32'', and therefore the area of the triangle 

base X perpendicular 
"" 2 

= 24704-7 X 19230*66 x sin 42^ 2' 32", 

log area = log 24704*7 + log 19230*56 

+ logsin42°2'32"-.10 

= 4*3927761 + 4*2839906 + 9*8258661 
• = 8*5026328 = logarithm of the area in feet ; 

hence, 8*5026328 — 9*3267737 =— 1*1758591 ; 

the corresponding natural number is '14992, the spherical 
excess in seconds. 

legendre's solution op spherical trtaxgles whose glDtlS 

ARE very small COMPARED WITH THE RADltS OF %HE 
SPHERE. 

44. When the sides a, 5, c, are very small with respect to the 
radius of the sphere, the proposed triangle is very little dif- 
ferent from a rectilinear triangle, and, considering it as such, 
we can have a first solution approximately, but we neglect in 
this manner the excess of the sum of the three angles above 
180°. To have a solution more approximate) we must take 



• 
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into account this excess, and this we can do very easily hy 
means of a general principle which we proceed to demon- 
strate. 

Let r he the radius of the sphere upon which the triangle 
is situated, and if we imagine a similar triangle upon die 
sphere whose radius is unity, the sides of this triangle will 

he - , - , - ; and we shall have cos A = 
r r r 

a he 

cos COS - cos - 

r r r 



h c 

sin - sin - 

r r 



but since r is very great with respect to a, b, c, we shall have 
approximately, 



a . a* a* 



cos - = 1 — r— 2 + 



2r2^ 2.3.4r*' 



cos - = 1 — rr-5 + 






. h_h P_^ 

r^r 2 . 3 r^ ' 



c c c' 



sm - = 



r r 2 . 3 r» 

Substituting these values in the above equation, 

^g -f c^ - gg ei^ _ 6* - c* Pc 

2r2 "^ 24r* 4r* 

cos A = 



2 






-) 



Multiply numerator and denominator by I H — ^-^— and 
reducing 
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COS A 



2bc "^ 24ftcr* 

Let a' be the angle opposite to the side a in the recti- 
linear triangle of which the sides are equal in length to the 
arcs a, b, c, we shall have 

cos A' = - . , and 

» oc 

4 P c" sin^ A'= 2 a" i^+S a" e^+ 2 b" c'_a«_5*— c*; 

b c 
therefore cos A = cos Af — t— ; . sin ^A' 

let A s= A^+ ^) we shall hare rejecting the square of x, 

cos A =s cos A'— X sin A', 

from whence we have x =* r— 5 sin A', 

r 

b e 
and since a; is of the second order with respect to — and -, it 

T T 

follows that the result is exact to quantities of the fourth 
order, we shall then have 

be . . . 

but i 5 c sin A' = the area of the rectilinear triangle, of 
which the three sides are a, b, c, do not differ sensiblj from 
those of the proposed sphericcd triangle. .Then, if either 
area be called «, we shall have 

A = A'+-^,orA'=A-^. 



Similarly, B' = B — ^ ; c'=C — ^, 
hence there results, 
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A'+ B'+ (^ or 180 =c A + B + C— -^, 



A 



we can then consider -^ as the excess of the three angles of 

the spherical triangle above two right angles. 

Hence we have the following rule: — 

A spherical triangle being proposed, of which the sides are 
very small with respect to the radius of the earth, if from 
each of its angles one-third of the excess of the sum of its 
three angles above two right angles be subtracted, the angles 
so diminished may be taken for the angles of a rectilinear 
triangle, the sides of which are equal in length to those of 
the proposed spherical triangle, or in other terms : — The 
spherical triangle, whose sides are nearly rectilinear, of which 
the angles are A, B, C, and the opposite sides a, h, c, answer 
always to a rectillneftr triangle whose sides are of the same 
length, a, h, c, and of which die opposite angles are A — i i ; 
B— ^ 8 ; C— i «; f being the excess of the sum of the angles 
of the spherical triangle proposed above two right angles. 

The excess i, or--^, which is proportional to the area of the 

triangle, can always be calculated d priori, by the given parts 
6f the spherical triangle considered as rectilinear. If the 
two sides, b, c, and the included angle A, are given, we shall 
have the area « = J 5 c sin A ; if we have given the side a, and 
the two adjacent angles B, C, we shall have the area 



a = ^a^ 



sin B sin C 



Bin(B + C/ 

45. Given the three edges of a 
parallelepiped, and the angles be- 
tween them, to find the solidity. 

Let the edges SA =/, SB = g, 
SG = A, and the contained angles 
ASB =«, ASC = ?, BSC = 
7, if from the point C we let fall 
C O perpendicularly on the plane 
ASB then in right-angled triangle 
6 O; GO » G 8 sin C S O ITS 
h sin G SO, besides the surfetce of the 
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parallelogram ASBP = / ^ sin «. Therefore, if we call S 
the solidity of the parallelepiped ST, we shall have S == 
/. g. h, sin a sin CSO. We now proceed to find sin CSO. 
From the point S as a centre and radius unity, describe a 
spherical surface meeting the right lines SA, SB, SG, SO, in 
the points D, E, F, G, we shall have a triangle DBF, in 
which the arc FG is perpendicular to ED, since the plane 
CSO is perpendicular to A SB. Now, in the triangle DBF, 
where the three sides, DE = «, DF = ff, EF = y, we have 

„ cos ^ — cos « cos y 

cos E = : : ', and 

sm ecsmy 

v/l — cos^« — cos^ ff — cos^ y -I- 2 cos « cos C cos y 

sm E = ^ : r^-! 1. 

sm ec sm y 

Then in the right-angled triangle EFG.sin GF or sin CSO s=; 
sin £ sin £F = sin y sin £. 

.'. S =/. g. h, sin a. sin y sin E = 

/. g. h. s/l — cos* a — cos* € — cos^ y + 3 cos « cos 6 cos y. 

The expression under the radical is composed of the two 
factors, sin » sin y + cos S — cos « cos y, and sin a sin y -— 
cos S + co# » cos y, the first = cos ^ — cos (« + y) = 

2 sin a+^ + y . «4-y — ^ 

a -^"^ — a — ' 

the second = cos (« — y) — cos ? = 

. « + ff — y . ^-f y — » 

2 sm • sm ; 

2 ^ 

therefore, S = 

2/^^/\/ sm . ^ sm — sm ^ . sm 

46. The same things being given as in the above to find 
the diagonal. 
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Let the diagonal of the base SF = z, tind the required 
diagonal ST = li, the triangle ASP, in which cos SAP = 
— cos a, we have z^ =/* -f- ^^ + ^fg cos «, in like manner 
in the triangle T S P, in which cos T P S = — cos C S P ; 
u^ =:z^ + h^ -{• ^hz cos CSP. 

We must now find cos CSP, or of the arc FH. 

Now, in the spherical triangle £FH, we have cos FH = 
cos £F cos £H + sin £F sin £H cos £, substituting the 

- , „ cos C — cos « cos y .^ , 

values FF = y and cos E = : : it becomes 

. sin « sin y 

sin E H , ^ . 

cos FH = cos y cos EH -f — : (cos b — cos « cos 7) = 

sm a ' 

sin EH cos ^ sin (a — EH) cos y 
sin cc sin « 

sin £ H cos ^ 4- sin D H cos y 
sin » 

Therefore 2hz cos FH, or ^hz cos CSP = 

^ ;s;sinEH , ^^ « sin DH 

2 A cos W . : h 2 ^ cos y . : ; 

Sin a sm cc 

but in the triangle BSP we have 

SPsinBSP -_„ 8P sin EPS 

BP== — : -— — and BS == — : ; 

sm SBP smSBP 

, . , . ;2r sin E H • _ « sin DH 

which gives — : = /and — : = g ; 

sin a. sm ec j 

.-. 2hz cos CSP = ^/h cos C + ^gh cosy. 

Hence the square of the required diagonal 
u^ ==/2 ^g^+h^ ^ %fg cos a 4- ^/^ COS ^ + 2^^ cos y. 

47. To determine a line on the surface of a sphere on which 
the vertices of all triangles of the same base and surface are 
sitaatedf 

P 3 
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Let ABC, be f spherical trimgle, (one of those on the com- 
mon base AB^se); andthegiTensnrfooeA + B-f C— yaeS. 
Let IPKbe an indefinite perpendicular on the middle of AB, 
baring taken IP s a quadrant, P will be the pole of the arc 
AB, and the arc CD, drawn throogh the points P C, will be 
perpendicular to A B. Let ID ^ I'* CV iat q, the right- 
angled triangles, ACD, BCD, in which AC ist b, BC s& a, 
ADaB|>+ ^e, BV^np^-^^e, will give cos a ss 
cos 3', cos (j) —ic), cos h =s cos q cos (p + ie). But it was 
found, page 48, that 



cot ^8 = 



l-hcostf-fcos^ + cosc 
sin a sin 5 sin C 



Substituting in this formula the values 
cos a + cos^=sdcos^cosj)cos^(;, 
1 — cos tf s= 2 cos^ I Ct sin 6 sin C =3 
sin c sin B s 2 sin I c cos | c sin B ; 
there results, 




X 1 « cos i c -f- cos I? 

cot i 8 = — r^ — T , . 

^ sm a sm I c si 



cos q 
sinB 



Again, from the right-angled triangle BCD, sin a sin B =: 
sin q: 

, - cosi c 4- cost? . cos q 

.-. cot 4 8 = ^—r-^i ^ -, 

^ sm I c sm g 

or, cos jp cos 9 s= cot 1 8 sin ^ c sin g — cos | c. This is the 
relation between p and q which will determine the locus of 
all the points C. 

Produce IP to K, let PK = x. Join KC, and let KC = y ; 
in the triangle PKC where we have PC = ^ «■ — $', the angle 
KPC = «• — ^, the side KC will be found by the formula 

cos KC ss cos KPC sin PK sin PC 4- cos PK cos PC, or 

cos y SB sin 9 cos d; -^ sin ie cos^ cos q» 

Substituting this instead of cos j? cos q the value 

cos •} S sin 1^ c sin ^ — cos \ c, there results 

cosy = sm acos^c -f- sin q (cos a?— sin ;r cot | S sin | e), 
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In which, if we take cos a? — sin a? cot ^ S sin -J c = 0, or 
cot -|- S sin -^ c = cot a?, there will result cos y = sin a? cos ^ c, 
and thus a constant value of ^ is determined. 

Therefore, if after having drawn the arc IP perpendicular 
to the middle of the hase AB, and heyond the pole the part 
PK such that cot PK = cot -J S sin -J c, all the vertices of the 
triangles on the same hase c, and of the same surface 8, will he 
situated on the small circle descrihed from K as a pole at the 
distance KG, such that cos KG = sin PK cos ^ c. This is 
Lexell's theorem. 

48. Given the three sides, BG = a, AG =i, AB =c, to 
find the position of the point I, the pole of the circle cir- 
cumscribmg the triangle A BG. 

Let the angle AGI = w, and the arc AI = GI = BI = ^; 
in the triangles GAI, GBI, we shall have hy the equation — 

cos ^ — cos b cos 



cos X = 



sin b sin $ 
1 — cos ^ 

: — i — cot O 

Bmb 

sin b 
1 + cos ft 



cot 9, 




/« V 1 •— cos a . , ^ cos (G — a) 

con (C — a;) tsB — 5 cot (p ; therefore — ^= ; 

^ sma ^ cos a? 

^ . • ^ X (1 + cos 5) (1 — cos a) 

or, cos G + sm G tan a = ^^ : — ^A — ; —. 

sin a sm b 

Suhstituting, in this equation, the values of cos G and sin G, in 

terms of the sides a, ft, c, aud putting for the sake of ahridg- 

ment, M = V(l — cos* a — cos* ft — cos* c + Ucoaa cos ft cos c), 

, ^ 1 -f 008 ft '— cos c •^ cos « i . 4 ^ . 
we nave tan a = , which determines 

the angle AGI. Ftom the isosceles triangles AGI, ABI, 
BCl, We have A CI = J (0 + A — B); and, in the same man- 
ner, B G 1 = ^ (B + C — A); BAl=s^(A-|- B— G). 

From which results these remarkable formulsB, 

w- .^ «\ 1 +cosft — cosa — oosc 
tan^(A + G-B)= 
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1 +cosa — cos6 — co8<? 



taiii(B+C— A) = 



tani(A+B-C) = 



M 

1 +COSC — cosa — cosft 
M 



To which we may add that which gives cot | S, and which 
can he put under the form 

, , . — 1 — cosa — cos5 — cose 
tani(A+B+C)= 

From the valae of the tangent of x, already found, we haye 

1 L4n«2^ ^ ^(l+C08&)(l-C0Sc)(l-C08a) _ 

16 cos^ ^ b sin* | c ain* ^ a . 



1 4cog^5 8in^<;sin^a 



cos« M 



, hut from the equation 



1 — cos b , _ /» I 

coBx = — ; — 7— cot ^ = tan i 6 cot ?, we find 
sm 

tan ib 4 sin 4 a sin 4 ^ sin 4 

tan^s= ^-; .*. tan^= —^ =- 

cos Of M 

2 sin ^ d^ sin I 6 sin I c 
8m — ^— sm— ^— sm — g— am — ^— 



V( 



) 



49. The surfeu^e of a spherical polygon is measured by the 
sum of the angles, minus the product of two right angles, and 
the number of sides of the polygon, minus 2. 

From A draw the arcs AC and AD, the angles of the poly- 
gon ; it will then be divided into as many triangles, minus 
two, as the figure has sides ; but the surface of each triangle 
is measured by the sum of the angles, minus two right 
angles ; and it is clear, that the sum of all the angles of the 
triangles is equal to the sum of all the angles of the polygon. 
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CI 



Therefore the surfax;e of the polygon 
is equal to the sum of the angles 
diminished by as many times two 
right angles as the figure has sides, 
minus two. 

Thus if S = sum of the angles 
of a spherical polygon, n = the num- 
ber of its sides, then the sur£Eu;e of 
the polygon isS — n«- + /^7r = 
S — 2 (n — 2) or S — 2n + 4, when 
the right angle is taken equal to unity. 




POLYHEDRONS. 

50. If S be the number of solid angles of a polyhedron, H 
the number of faces, A the number of its edges, then 

S -f H = A + 2. 

Take a point within the polyhedron, and from which draw 
lines to aU the angular points of the polyhedron; imagine 
from this point, as a centre, we describe a spherical suiface 
which meets all these lines in as many points, then join these 
points by arcs of great circles, in such a manner as to form, 
upon the surface of the sphere, the same number of polygons 
as there are faces of the polyhedron. 

Let ABODE be one of these polygons, and n the number 
of its sides, its surface by the last article will be S — 2n -f 4 ; 
S being the sum of the angles A, B, C, D, £. Similarly if we 
find the value of each of the other spherical polygons, and 
add them all together, we conclude that their sum or the 
surface of the sphere which is represented by 8, is equal to 
the sum of all the angles of the polygons, less twice the num- 
ber of their sides, plus four times the number of faces. 

Now as all the angles that meet at the same point. A, is 
equal to four right angles, the sum of all the angles of the 
polygons is equal to four times the number of solid angles, 
it is therefore equal to 4S. Then double the number of sides 
AB, BG, CD, <&c., is equal to four times the number of edges, 
or equal to 4 A, since the same edge serves for two faces ; 

.-. 8=4S — 4A-f 4H; or 
2 = S — A-j-H; orS-fH = A-f2. 

[See Legendre's Oeometry, pp. 228, 229.] 
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Cor, It follows that the sum of all the plane attgldd which 
form the solid angles of ft regular polyhedron, is equal to 
as many times four right angles as there are utdts in 8 -^ 9, 
S being the number of solid angles of the polyhedron. 

The plane angles = sum of all the interior angles of each 
face, which Prop. 32, of the 1st book of Euclid 

= H (n — 2) . TT 

= 2 (A — H) w (since nH ±= 2 A) 

= (S — 2) 2 V (since A ^ H « S — 2). 

61. There can be only five regular polyhedrons. 

Since every face has n plane angles, the number of plane 
angles which compose all the solid angles = nH == Sw = 2 A, 
and by the last article S + H = A + 2 ; 

.% H iBK — S« and A « •— ; sttbstitutitig these, 
n 2 

S + -S-:— * + 2, 

n 2 

dns + %m% aae tnfis + 4n, 

2nS 4- 2wS — mnS = 4n, 

S {2 (n + m) — mn} = 4n, 
4n 



Ssss 



2(n + wi) —mn 



Now this must b6 a positive whole number, and in order 
that it may be so 2(?^ + n) must be greater tiian mn\ and, 

therefore, — H > h or — > i — — ,* but w cftnndt bd 

less than 3, therefore, — cannot be bo small as |— -J-, or f , 

n 

consequently, since n must be an integer and cannot be less 
than 3, it can only be 3, 4, or 5. In the same manner m 
cannot be less than 3, therefore the values of m can only be 
3, 4, or 6. 
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62. To find the inclination of two ftdjaoent 
faces of a polyhedron to each other. 

Let AB be the edge common to the two 
adjacent faces of a polyhedron, C and E the c 
centres of the faces. Draw CO, EO, per- 
pendicular to the faces meeting each other 
in O; and CD and £D, perpendicular to 
AB, the intersection of Uie planes ABC, 
ABE, then the angle CDE is the required 
inclination. 

Let n be the number of sides in each 
face> m the number of plane angles in each 
solid angle if from tiie centre O, and 
jfadius equal to unity, describe a spherical triangle meeting 
the lines OA, OC, OD in p, q, f , we shall have spherical 
triangle pqr, in which we have the angle r a right angle, 

the angle j? = — , and the angle g = — ; 

m n 

and by right-angled triangles, cos qr = -r-^ 5 

but cos at ^ cos COD ^^ sin CDO = sin | C, C being the angle 
CDE; then 

cos — 
. « wi 
sm J C = . 



sm 



n 



This equation is general, and applies successively to the 
five polyhedrons, by substituting the values of m and n in 
each case. 

Tetrahedron m = 3, n =si 3. Hexahedron m = 3, n = 4. 

Octahedron w = 4, n = 3. Dodecahedron w = 3, n = 5. 

Icosahedron m = 6, n = 3. 



From the triangle pqr from which we have deduced the 
inclination of the two adjacent faces, we have ^ 



cospq saQotpcotq; or 



CO , w ^ tr 

— s: cot — cot — ; 
OA m n 
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therefore, if we call R the radius of the sphere which cir- 
cumscribes the polyhedron, and r the radius of the sphere 

inscribed in it, we shall have— = tan— tan — ; 

T tn n 

and, by making the side AB = a, we have CA = — — ; 

sm — 
n 

!«« 

and, consequently, R* = r^ + -^ — . 

n * 

These two equations give for each polyhedron, the values 
of the radii R and r for the circumscribed and inscribed 
sphere. We have, supposing C known, 

r = J a cot — tan i C and R = i tan — tan ^ C. 
n tn 

R 

In the dodecahedron and icosahedron, — has the same 

value for both; viz., tan — tan—-. Therefore, if R be the 

o 

same for both, r will also be the same; that is to say, if 
these two solids are inscribed in the same sphere, they will 
also circumscribe the same sphere, and vice vend. 

The same property holds with regard to the hexahedron 

R 

and octahedron, since the value of — is the same for one as 

r 

the other; viz., tan— tan --. 

53. To find the inclination of two adjacent faces in the five 
regular polyhedrons.* 

cos — 

From the equation sin ^ C= , taking the tetrahedron 

sm — 
n 

* Legendre, at page 812 of his Geometry^ finds the inclination firom the 

^ cose — C08aC08& .. « r 

eqnation cos C = ; r-r — ; see equation 8, page 5. 

sin a sin o 
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where m = 3 and n^sS, 

. - cos60^ 1 

In the hexahedron m = 3 and n = 4, 

. , ^ cos 60 1 

sin ^ C = -: — -- = -— : , and cos C = ; /. C = 90. 
sin 45 i>/2 

In the octahedron m = 4 and n = 3, 

cos 45 #2 

In the dodecahedron m s= 3, n = 5, 

. , cos 60 2 1 — Vs" 

sui i C = . -_ ag , , and cos C = ;= 

sin 36 VlO — 2>/5 5 - V5 

In the icosahedron m = 5, ti = 3, 

. , cos 36 1 + \^T , ^ n/F 

sin i C = -:— ^ = -=, and cos C = — . 

sin 60 2 'n/5 ^ 

54. To find the solid content of a regular polyhedron. 

The area of each face = -o^cot -; hence the area of the 

4 . n 

surface of the polyhedrons H.J a^ cot- , and the solid con- 

^ . area of the surface x by the altitude , ^ . 
tentas :i — i of the area 

of the surface x by radius of inscribed sphere 

««i X H.-a'cot-xrss— — — cot- (1) 

** 4 n 13 n ^ ^ 

I or since r = ^ a cot - . tan ^ C j 

t*!if^cot*^tan^C (2) 

13 n ^ ^ 
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From either of these equations we can find the solid 
content. 

We shall here use the first. Taking the equations 
— = tan —tan-, and R^ — r^ — r 



r m n ^ • ^f 

4sm^- 
n 

we can find r and R. 

In the tetrahedron w = 3, n = 3 ; 

R — r 

/. — = taneo.taneO = VS X ^3=3; /. R = 3r. 
r 

R^--r^= , .^«oA = ^> tut R = 3r. 
4sm»60 3 

... (3r)2-r« = -5-or8r2 = — ; 
.-. r^ = -— ., r — rr. Algo -r = r 

1^2 ^2 3 flt 



.'. R — -'-— s= ---, R 



9 •"¥• ^''^Sv/e* 

In the hexahedron m s 3, n ss 4, 

R /—a a s/ S 

— = tan60 tan 46 = v/3: »* = ?:; .". R =^ — ^^ — • 
r ^ 8 /« 

Intheoctahedron,w = 4,andn = 3,andr=:— 7=; R 



In the dodecahedron, m = 3, n = 5, 

r = ^\/a60+UOv/6; R ^1(^15 +^3). 
In the icosahedron, w s= 6, »i = 3, 



tl 



These being eubstitated in equation (]), page 65, we find 
the eolidity of each of the five polyhedrons. 

For the hexahedron a'. 

Fertile octahedron..,.,* TV^^* 

For the dodecahedron J s/m + m^l. 

For the icosahedron —-V 14 4-6^/5. 

1. In the oblique-angled spherical triangle ABC. Given 
the side AB 73^ 13', the side BC 6Ji° 42', the side AC 119° 5', 
required the angles. 

f A = 44° 18'. 
Ans. ^ B = 136° 40', 
I C = 48° 48'. 

% The latitudes and longitudes of three places on the 
earth's surface, suppose London, Moscow, Constantinople, being 
given as below : required the latitude and longitude of that 
place which is equidistant from the former three ? 

The latitude of London is 51° 30', the latitude and lon- 
gitude of Moscow 55° 45', and 38°, and those of Constan- 
tinople 41° 30' and 29° 15' respectively. 

3. Given the latitude of three places, Moscow 55° 30', 
Vienna 48° 12', Gibraltar 35° 30', all lying directly in the 
same arc of a great circle. The difference of longitude be- 
tween Vienna, (situated in the middle,) and Moscow, easterly, 
is equal to that between Vienna and Gibraltar, westerly. It 
is required to find the true bearing and distance of each place 
from the other, and the difference of longitude, according to 
the convexity of the globe. 

4. Four given equal spheres being placed in close contact 
with each other, it is required to find the volume of the space 
inclosed between them and the three triangular planes through 
each three centres. 
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5. A point P being taken in the surface of a sphere, let a, /3 
denote fts spherical distances from two given points ; then if 
m cos a + n cos i? = a constant quantity, m and n being any 
given numbers, iJie locus of P will be a circle. 

6. The base of a spherical triangle is given, and the sum of 
the cosines of the angles at the base, to trace the locus of its 
vertex. 

7. The sides of a spherical triangle are produced to meet 
again in three more points, thus forming, with the original, 
four spherical triangles, which constitute Davies's *' Associated 
Triangles ;" (12th edit, Button's Course, vol. ii. p. 41,) r r^ r^r^ 
are the radii of the inscribed, and R R^ R^ R3 the radii of Uie 
circumscribed circles. Prove that 

tan^ R + tan* Ri H- tan* Rjj + tan* R3 = 
cot* r + cot* r^ + cot* r^ + cot* r^. 

8. A person engages to travel from London to Constanti- 
nople, and to touch Qie equator in his journey, required the 
point of contact, and the length of his track, admitting it to 
be the shortest possible, and the earth a sphere. 

9. The angular points of two triangular pyramids being 
respectively situated on four converging lines in space, let the 
corresponding faces be produced to meet ; then will the four 
lines of section be all situated in the same plane. 

10. Given the longitudes of two places, 6° 49', and 64° 36', 
their respective latitudes 48° 23' 14", and 4° 66' 16"; find 
their distance, the longitudes being both west, and their lati- 
tudes both north. 
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